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Chapter 1

Complex Numbers

1.1
Some Background Knowledge

First, we define

R[x] tobe the set of polynomials with real coefficients.

The polynomial x> + 1 € R[x] of degree 2 over R has no solution in R since for all « € R, we have a> +1 > 0,
so x*> + 1 is irreducible over R [x]. For those who have prior knowledge on Abstract Algebra, since R [x] is a
principal ideal domain (PID)", then

(¥ +1)Rx] CR[x] is amaximal ideal.
As such, we are now in position to define the complex numbers C.
Definition 1.1 (complex numbers). Define
C=R[]/(*+1)R[x]

to be the quotient ring of R [x] modulo the maximal ideal (x*+ 1) R [x]. This is a field, known as the field

of complex numbers.

x€R[x] inC isdenotedby icC,

called the imaginary unit. i has the property that i> = —1.

Proposition 1.2 (field extension). The composite of the canonical ring homomorphisms
R—Rx] »C where x—i

is an inclusion of fields R < C so C is a field extension of R.

Proposition 1.3. As an R-vector space, C has dimension 2 with standard ordered R-basis {1,i}.

Definition 1.2. The R-linear projection maps

Re:C—Rwherez+—»x and Im:C — R wherez—y

| Proposition 1.1. The image of

TRecall from MA3201 that if F is a field, then F [x] is a Euclidean domain. In fact, recall the chain of inclusions ED C PID C UFD,
where ED and UFD denote Euclidean domain and unique factorisation domain respectively. I recall in one of Sadhukhan’s MA2101S
that one student asked whether F is a field implies F [x] is also a field. Clearly, this is wrong and Sadhukhan mentioned that F [x] is
a UFD. It was only when I crashed one of Bao Haunchen’s MA4203 lectures (first lecture actually) where I learnt that the stronger
statement F [x] is an ED holds.
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are called the real part and imaginary part of z € C. So,

forallz€ C onehasz=Rez+iImzin C.

Proposition 1.4 (field operations). The field operations of C, expressed in terms of the real/imaginary

parts, are:

(i) Addition/Subtraction:
(a+ib)£(c+id)=(atc)+i(b£d)
(ii) Multiplication:
(a+ib)-(c+id) = (ac —bd) +i(ad + bc)
(iii) Division:

(a+ib) (ac+bd)+i(ad—bc)

(c+id) 2+ d?
(iv) Multiplicative inverse:
c—id
d —1_ =
(e +id) 2 +d?

Definition 1.3 (complex conjugation). The R-linear map

():C—>C where z=x+iy—~Z=x—1iy

is called complex conjugation.

Proposition 1.5. We say that complex conjugation is an automorphism of C as a field over R. The
automorphism group Aut (C/R) is of order 2. That is to say,

Il

:Z.

Proposition 1.6. The following properties hold for all z,w € C:
() z+tw=z+wandzZw=7w
(ii) Rez= 1 (z+2) andImz= 1. (z—2)

Definition 1.4 (absolute value). The absolute value of a complex number is the map

|-|c : C = Rsp where z+ |z|  givenby |z|c = \/(Rez)2 + (Imz)* = VzZ.
As such, if z = x + iy (where x,y € R), we have

Izlé = +y =z

Proposition 1.7. For any a € R C C, we have |a|; = |a|g.
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Lemma 1.1. For any z,w € C, we have
(i) Positive-definiteness: |z|- =0in R~ if and only if z=01in C
(i) [z]¢ = lzlc in Rxo
(iii) Multiplicativity: |zw|: = |z|¢ |w|c inR>
(iv) |Rez|g,|Im (2)| < [z[c inRxo

Proof. (i) and (ii) are trivial. To prove (iii), we have
|2w|e = awzw = 22w = |z|3 [W|2 -
Taking square roots on both sides, (iii) follows.
For (iv), let z = x + iy, where x,y € R. Then, x?,y* < x> +y%, 50 |x|g < |z|¢ and |y| < |zl O
Lemma 1.2 (triangle inequality). For any z,w € C, we have

lz+wle <lzc+Iwle  inRxo.

Proof. We have

24 wle = (z+w) ZF W) = Z+ww+ (2w +7w)
= 2| + W[z + 2Re (zw)
< |z|& + |w|& +2|zw|c by (iv) of Lemma 1.1
= [zlg +Iwlg +2zlc wle

2
= (lzlc +Iwlc)
Taking square roots on both sides, the result follows. O

By (i) and (iii) of Lemma 1.1 on the positive-definiteness and multiplicativity, as well as Lemma 1.2 on the

triangle inequality, we infer that

|| is an absolute value of C in the abstract sense.

Corollary 1.1. We say that
C equipped with the absolute value function || as a normed R-vector space

is isomorphic to R? with the standard Euclidean norm ||-||,, so C is said to be Cauchy complete.
Corollary 1.2 (generalised triangle inequality). For any z;,22,...,2, € C, we have
|21+ +zle Slailg+- - +lale  in Rxo.
Proof. Consider the triangle inequality (Lemma 1.2) and use induction. 0

Theorem 1.1 (Cauchy-Schwarz inequality for R?). For any z,w € C, we have

|(z,W)g2|g < |zlcIw|c  with equality if and only ifz and w are R-linearly dependent.
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Here, (-,-) denotes the inner product of the two inputs. That is to say,

z=x+iyand w=u+iv implies (z,w)p. =xu-+yv.

Proof. The trick is as follows:

<Z,W>]é2 + (iz,w)]éz = (xu —i—yv)2 + (—yu +xv)2
= X2 4+ y*v? + 2xuyv + y2u? + xH? — 2yuxy
= (¥ +)7) (1 +v?)

20,12
=lzle vle

which implies (z,w)g2 < |z|¢ |w|c. Equality holds if and only if (iz,w)g. = 0, or equivalently, —

i.e. z and w are R-linearly dependent. Well, to be more explicit, we recall that

7= [x] and w= [u] as vectors in R?.
y y

If z and w are linearly dependent, there exists k € R such that (x,y) = k(u,v), so x = ku and y =

—yu—+xv=0.

We can generalise Theorem 1.1 to the Cauchy-Schwarz inequality for C" (Theorem 1.2).

Page 6 of 95

yu—+xv =0,
kv. As such,
]

Theorem 1.2 (Cauchy-Schwarz inequality for C"). For any zy,...,z,,w1,...,w, € C, we have

lz1wr+ ot zawale < (2l + o+ [2al®) (91l + o+ wal?)
and

21 wi
equality holds if and only if | and | : | are C-linearly dependent over C".

n Wy
Equivalently, this means that there exist A, € C which are both non-zero such that

forall 1 <j<n wehave Az;=puw,; inC.

Proof. We have

0< Z }Zin—ZjWi}é

i<j
=) (@) — 2;w;) (i) — 2;#7)
i<j
2 2 o
:Z\zilz‘wj‘ +‘Zj‘ \wi\z—ZRe(zizjw,-wj)
i<j

We now add the following term to both sides of the inequality:

2

n
Z Wi
i=1

n
=Y |zl [wil® + Y (zowizjw; + zowizjw))
i=1 i<j
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for which it follows that

2
n
<Y P Il + X (Il i+ [z il
i=1 i<j

1<j

n
Z Wi
i=1

Equality holds if and only if

Y |ziwj —zjwi| % = 0.
i<j

This holds if and only if for all i < j, one has z;w; = z;w;. ]
Example 1.1 (MA5217 AY24/25 Sem 1 Homework 1). Find all solutions of the equation ¢¢* = 1.

Solution. Note that 1 = e**™ for all k € Z. Since the exponential function is injective, we have e* = 2ki.
Hence, z = In |2k7| + i /2. O

1.2
Complex-Valued Functions

Let X be any set. Then, we have the following:
Maps (X,R) = {all R-valued functions on X} is an R-vector space
Maps (X, C) = {all C-valued functions on X} is a C-vector space
Proposition 1.8. The R-basis {1,i} of C gives an R-linear decomposition:
Maps (X,C) = Maps (X,R) &i-Maps (X,R) where fr~Ref+i-Imf.
This is such that for any x € X,

Re(f)(x) =Re(f) €R, Im(f)(x) =Im(f) € R.

Proposition 1.9. The R-automorphism () of C also gives an R-linear automorphism:
(*) : Maps (X,C) — Maps (X,C) where f+ f.

This is such that for any x € X,

f(x)=f(x) inC.

Proposition 1.10. One has the following decomposition:

_f+f
-7

Re f
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Chapter 2

Holomorphic and Analytic Functions

2.1
Holomorphic Functions

Definition 2.1. Let

Q C C be an open and connected set in C

H(Q) be the set of holomorphic functions in Q

Definition 2.2 (holomorphic function). Let Q C C be an open set. A function f : Q — C is holomorphic
at a or C-differentiable at a (Proposition 2.3) if and only if

i fath) = f (@)

exists in C.
h—0 h

In this case, the limit, which is uniquely determined by f and a, is called the holomorphic derivative of
f at a, denoted by

9 (@) = £ (a) = lim

dz h—0

flat+h)—f(a) .
0 in C.

As such,
f:Q — Cis holomorphic on G if and only if for all @ € G, f is holomorphic at a.
Proposition 2.1. Let Q C C be an open set and f, g : © — C be functions holomorphic at a. Then, the

following hold:
(i) C-linearity: for all ¢,d € C,

the function cf +dg: Q — C is also holomorphic at a
equipped with
its holomorphic derivative (cf +dg) (a) =c- f (a)+d-g (a) in C

(ii) Product rule: the function f-g: C — C is also holomorphic at a equipped with its holomorphic

derivative

(f8)'(a) = f'(a)g(a)+g'(a) f(a) inC

Remark 2.1. Recall Definition 2.1, which mentioned that H () denotes the set of all functions f: Q —
C which are holomorphic on Q. We say that

H(Q) is aC-algebra under pointwise &, x of functions.



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 9 of 95

Note that for any point a € Q, we have the evaluation at a map, i.e.
ev,:H(Q)— C where f+— f(a),

which is a C-algebra homomorphism.

Also, Proposition 2.1 says that the derivative at @ map
H(Q)— C where frs f(a)
is a C-linear derivative of H (Q) to the H (Q2)-module C via ev,.

Example 2.1 (identity map). For any open Q C C, the identity map id is holomorphic with derivative

id' (a) = = (a)=1 foralla€G.
Hence, z € H (Q). In fact, for any polynomial f € C|[z]", the function z — f(z) is also H (G).

1

Example 2.2. For any open G = C* = C\ {0}, the reciprocal function z~" is holomorphic with derivative

dz!
dz

1
=—— foralla €G.
(a) = orall a

Hence, 77! € H(Q). Moreover, for any Laurent polynomial f € C [z,z’l] (we will only discuss this when
formally defining Laurent series/polynomials in Theorem 5.1), the function z — f(z) is also in H ().

Proposition 2.2 (chain rule). Let Q;,Q, C C be open sets. Let
f:Q —Candg:Q, - C suchthat f(Q;)CQ,

so go f: Q) — C is defined. If f is holomorphic at a and g is holomorphic at f (a), then go f is

holomorphic at a, equipped with its holomorphic derivative
(g0 f) (@)= (f(a) f (a).

Proof. Letb = f(a) € . Define the functions & : Q; — C and 1 : Q, — C by setting

f@=fla) . . gw)—gM) .\ .
£ () = —a f@ ifze@i{a} n(w) = S g () ifwe )\ (b}
any value ifz=a any value ifw=>b.

Then, for all z € Q; and w € Q,, we have the following in C:
f@)=f@)=[f(a)+&(2)] (z—a)
g(w)—g(b)=[g (b)+n(w)] (w—b)
Thus, for all z € Q;, we have

g(f(2)—g(f(a) = (¢ (f(@)+n(f(2) (f(2)—f(a))
= (& (f@)+n(f @) (f'(@+& () z—a)

THere, one should perhaps recall from MA3201 that C[z] denotes the set of all polynomials in z with complex coefficients. That is,
Clzl> f(@)=ap+aiz+...+an" whereag,ay,...,a, €C.
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so forall z € Q; \ {a}, we have

8(f(z) —¢(f(a))

= (g (f@)+n(f(@) (f' (@) +£ ().

z—a
Since
f is holomorphicata € Q; and
g is holomorphic at b € Q,
then
limé& (z) =0 and limn (w) =0.
z—a w—b
Also,
fis continuous ata implies lim f (z) = f (a) = b.
Z—a
Hence,

L 8 @) —g(f (@)

7—a z—a

existsin C and equals g’ (f(a)) ' (a).

Next, recall Definition 2.3 on R-differentiability from MA3210.

Definition 2.3 (R-differentiability). We say that f is R-differentiable at a if and only if there exists an
R-linear map (Df) (a) : C — C such that

for all € € R, there exists 6 € R+
such that
forallze Gwith0 < ||z—al| <8 wehave |f(z)—f(a)—(Df)(a)(z—a)|<e-|z—a].
When this holds, the R-linear map (Df) (a) is uniquely determined by f and a and we call this the
derivative of f at a.
Proposition 2.3 (C-differentiability). If f is holomorphic at a (C-differentiable at a), then f is R-
differentiable at a and
(Df) (a) € Homg (C,C) is the image of f’(a) € Hom¢ (C,C) =C
under the following canonical inclusion:
Homc¢ (C,C) < Homg (C,C) where z+~ multiplication by x.

Corollary 2.1. Suppose f is holomorphic on Q and for all a € G, we have [’ (a) =0 in C. Then, f is

locally constant on €.
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Proof. Let a € Q be an arbitrary point. Choose r € R be sufficiently small such that B (a,r) C Q, where
B(a,r) is the open ball in C centred at a of radius r.
By the mean-value inequality, for any z € B(a,r), there exists & € [a,z] C B(a,r) such that

1f @) = f @I < || (E)|||z—all

Since f' (§) = 0, then f is constant of value f (a) on B(a,r). O

Remark 2.2. Throughout this set of notes, we will generally use the terms open ball B (a,r) and open
disc D (a,r) interchangeably. Also, the same can be said for closed balls and closed discs.

Now, identify C with the standard R-basis {1,i}. Then, consider the following comparison:

1,i z — multiplication by z 1,i
R2 C Homg (C,C) +—— My (R)

and

[Z] > a+bi— (x+yi— (a+bi) (x+yi) = (ax — by) +i(bx+ay)) — [Z _ab]

We infer that via 1 and i, the matrix

r s

[P C[] EMQXQ(R)

corresponds to the R-linear map C — C given by

AR

This R-linear map is C-linear if and only if p = s and ¢ = —r in R. As such, we can seta = p and g = —b.

Y

x
[] where x+yi— (px+qy)+i(rx+sy).

Now, again via 1 and i, write
f:Q—=C as x+iy— f(x+iy)=u(xy)+iv(x,y).
Suppose f is R-differentiable at a. Then,

%(a) 2(a)
(Df) (a) € Homg (C,C) corresponds to 2 ( & (o) € Mo (R).
ox a
Hence, (Df) (a) lies in the image of C < Homg (C,C) if and only if

du av du av
a(a) = a*y(a) and (97)1(“) = —a(fl)-

This is precisely the Cauchy-Riemann equations (will formally introduce in Theorem 2.1).

2.2
The Cauchy-Riemann Equations



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 12 of 95

Theorem 2.1 (Cauchy-Riemann equations). Let Q C C be an open set. Let f : Q — C be a function

written as
x+iy = f(x+iy) =u(x,y) +iv(x,y).

Suppose f is R-differentiable at a. Then,

d d d d
f is holomorphic at ¢  if and only if 8—z (a) = 8—; (a) and a—;t (a) = —a—; (a) are satisfied.

Theorem 2.2 (polar form of CR equations). If u and v are expressed in terms of polar coordinates

(r,0), then
du 1& av 1 du

an - =

or roe or  rade’

Proof. Using the substitution z = re’®

, we have x = rcos 6 and y = rsin . Since f(z) = u(x,y) +iv(x,y), we
will now perform change of variables from (x,y) to (r, 0). By the chain rule for partial derivatives, to compute

du/ar,
du_ouox oudy_ou ) ou
or dxdr dydr ox % e

dy
By the CR equations (Theorem 2.1),

Ju Jdv v .
FPie &—ycose—asme.
To compute dv/d6,
8v_(9vﬁ 8\/@_8\/ ) v

90— 9x00 +87y89 = E(—rsme)—kafy(rcose).

It is thus clear that the first equation of the theorem holds true. The proof of the second theorem is left as an

exercise. O

Theorem 2.3. Let f(z) = u(x,y) + iv(x,y). Suppose the first-order partial derivatives of u and v
(ty,uy, v, and vy) exist in a neighbourhood of z. If they are continuous at z and the CR equations hold,
then f is differentiable at z.

Example 2.3. Suppose
(2)°/z ifz#0;
0 ifz=0.

f(2)=

Show that the Cauchy-Riemann equations are satisfied at the point z = 0 but the derivative of f fails to exist at
z=0.

Solution. We let z = x+ iy, where x,y € R. Then, for z # 0,

£(2) (x— iy)2 (x— iy)3 x® —3xy? L —3x%y+y3
— — = l
U7y xX2+y2 X242 X2+ y?

which is of the form f(z) = u(x,y) +iv(x,y). The reader can check that at (0,0), uy, uy, vy, vy are all zero, so the

CR equations are satisfied. Next, we consider the following limit:

2 -2 N2
Letim A0 i (MY = i (222
h—0 h h—0 \ h (x,y)—(0,0) \ X+ iy
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Say we approach along the real axis. Then, L = 1. However, if we approach along the line y = x,

)
L= lim [x(l _‘,)] =1
(x)—(0,0) | x(1+1)
so we conclude that f/(0) does not exist. O
Example 2.4. Let
xy (x+iy)
LT 0,
f@=ray =4 eay 7

0 z=0.

Show that the Cauchy-Riemann equations are satisfied at z = 0 but f is not differentiable at z = 0.

Solution. We let the reader verify that the CR equations are satisfied at z = 0. As for differentiability, let
h = a+ib, where a,b € R. Then consider

f(h) = £(0) ab(a +ib) ab

h (@+b2)(a+ib)  a>+b2

We need to prove that as (a,b) — (0,0), the limit L does not exist. Suppose we approach along the x-axis, then

L = 0. However, if we approach along the line y = x, we have

As such, the limit L does not exist so we can conclude that f/(0) does not exist. ]
Definition 2.4 (principal logarithm). Define
Logz=1In|z| +iArgz.

Note that Logz is a single-valued function defined on C\ {0}.
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2.3
Analytic Functions and Entire Functions

Definition 2.5 (power series). A power series over C in the variable z centred at a € C is a formal sum

Y a.(z—a)" forallneNanda, cC.
n=0

Definition 2.6 (different types of convergence). Let

Z a,(z—a)" withze C be apower series over C.
n=0

We say that
(i) the series converges at z € C if and only if
N
lim Y a,(z—a)" existsinC;
N—roo -0

(ii) the series converges absolutely at z € C if and only if

oo

Y lan(z—a)"| <o inRxo;
n=0

(iii) the series converges normally on some compact D C C if and only if
Y supla,(z—a)"| <eo inRxo;
n=02z€D

(iv) the series converges locally normally on some open U C C if and only if for all a € U, there exists
a neighbourhood D C U such t hat

Y a.(z—a)" converges normally on D
n=0

Example 2.5. We have the classic example of the geometric series
Y &= l1+z+22+... inC.
n=0
this series converges absolutely for all z € C with |z| < 1to 1/ (1 —z) € C and it does not converge for all z € C

with |z| > 1. Also, for all » € (0, 1), the series converges normally on B (0, r) and it converges locally normally
on B(0,1).

Lemma 2.1. Let

Si= Z a,(z—a)" withz€ C be a power series over C.
n=0

Then, the following hold:
(i) If S converges absolutely at zo € C, then it converges normally on the compact set B (a, |zo — a|)

(ii) If S converges at 79 € C, then it converges locally normally on the open set B (a, |z0 — a|)
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Definition 2.7 (radius of convergence). The radius of convergence of a power series
f@=Y an(z—a)"
n=0

is given by

R =sup{r € Rxo: f(z) converges at all points in B(a,r)}

= sup {r € R> : f(z) converges absolutely at all points in B (a, r)}

We note that R € R>.

Proposition 2.4 (Cauchy-Hadamard formula). There is a nice formula on the radius of convergence

of a power series over C which is given by

= = limsup |a,|"/".

neN

One notes that the Cauchy-Hadamard formula in Proposition 2.4 can be easily deduced from the root test.

¢ :U — ConU is analytic at a € U if and only if there exists a power series

oo

f(z)= Z an(z—a)" centred at a with positive radius of convergence R
n=0

such that for all z € U NB(a,R), one has
¢(z)=f()=) an(z—a)" inC.
n=0

Then,

¢ : U — C is an analytic function (on U) if and only if foralla € U, ¢ is analytic at a.

Proposition 2.5. Let

Z cnZ'  be a power series centred at 0 with positive radius of convergence R.
n=0

Write f : B(0,R) — C for the C-valued function it represents. Then, f is analytic on B (0,R).

| Definition 2.8 (analytic function). Let U C C be an open set and a € U be a point. A C-valued function

We will see an alternative and more rigorous way of formulating Proposition 2.5 in Proposition 2.67.

Example 2.6. Show that there are no analytic functions f = u + iv such that u (x,y) = x> + y°.

Solution. Suppose on the contrary that there exists some analytic function f. Then, u, = 2x and u, = 2y, so by
the CR equations, v, = 2x and v, = —2y. v, = 2x implies that v(x, y) = 2xy+ g(x). Taking the partial with respect
to x and substituting it into v, = —2y, we have 2y + g’(x) = —2y. As such, g'(x) = —4y, so g(x) = —4xy +c,

T As you will see in Proposition 2.6, the latter is indeed more rigorous. Also, I think Prof. Chin Chee Whye set something related for
an iteration of his MA2108S finals.
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where c is an arbitrary constant. Putting everything together,

fl,y) =2 +y* +i(—2xy+c).
However, this does not satisfy u, = v, in the CR equations. So, such an f does not exist. (Il
Example 2.7. Suppose f is analytic and real-valued in a domain D. Prove that f is constant in D.

Solution. Suppose f(z) = u+iv. We have Im(f) = 0 so by the CR equations, u, = 0 and u, = —v, = 0. This
implies that f’(z) = u, +iv, = 0 so f is constant in D. O

Example 2.8. Suppose f and f are analytic in a domain D. Show that f is constant in D.

Solution. Observe that Re (f) = ( f +?) /2 which is real-valued and analytic if both f and f are analytic. By
Example 2.7, Re (f) is constant, so f is constant. O

Proposition 2.6. For any a € B(0,R) and k € N, define

dy = i <Z> cpad™ k.

n=k

Then, the following properties hold:
(i) For all k£ € N, the series d; converges absolutely in C
(ii) The power series

=Y di(z— a)*  has positive radius of convergence r > R — |a| > 0

(iii) Forallz€ B(0,R)NB(a,r), we have f (z) = g(z)

Proof. We first prove (i). Fix p € R>( with |a| < p < R. Then,

i(i(Dcmwk> “lal = £ T ()l o~ el

k=0 \n=k On=k

—Zmdz()w <4m1

=) leal (la| +p —a])"

n=0

= Z‘C,,]p"

n=0
which is < e by the choice of p. Hence, the series defining d; converges absolutely, proving (i).
Next, we take a look at (ii). As the power series

Z \dy| (p —|a])*  is finite,

then the power series g (z) converges normally on the compact set B (a, p — |al|) so it has a radius of convergence
r with r > p — |a| for any |a| < p < R. As such, r > R — |a|, which is positive. This proves (ii).
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Lastly, we prove (iii). For all z € B(0,R) NB(a,r), we have

f@)=Y ot =Y calatz—a)’
n=0 n=0

) n
=Y ¢ [Z <Z> a"k(z— a)k] by the biomial theorem

n=0 k=0
= (”) cnd" ) (z—a)*
=0 \n—k \k
=g(2)
and the result follows. ]

Definition 2.9 (convolution of series). Let

Z a, and Z b, be two series in C indexed by Z.

nez nez

Their convolution is the double series

Z ¢, defined by for all n € Z we have ¢,, = Z agb; = Z agb,_x.
nez k€L keZ
k+I1=n

In Definition 2.9, we can also write

Z arb; in place of Z aiby.

k+Il=n kl€Z
k+1=n

Proposition 2.7 (convolution). Suppose

Z a, and Z b, are absolutely convergent series in C.
nez nez

Also, we define

= Z ayby.
kIEZ
k+I=n

Then, the following hold:
(i) For all n € Z, the series ¢, converges absolutely in C

(ii) The series Z ¢, converges absolutely in C

neZ
(iii) We have

<Zan) <an> = ch: Z Z arb; inC
nez nez nez neZ k,leZ
k+I1=n

Proof. We first prove (i). Consider the double series

Y ¥ adbl= ¥ lallbl= z(zmuza,r)—(zw) (zw)

n€’l klez (k1)EZXT keZ \l€Z keZ leZ
k+l=n
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which is the product of two series with finite value. Hence, ¢, converges absolutely in C. This proves (i). As a

consequence, (ii) follows from the triangle inequality for series (see it as an application of Corollary 1.2).

To prove (iii), we start with the RHS. So,

Y Y abi= ) ab=) <Zakbl> = (Z ak> (Zln).

neZ kleZ (k,1)EZXZ keZ \IeZ keZ I€Z
k+Il=n
Since k and [ are dummy variables, the result follows. O

Theorem 2.4 (C-differentiability of analytic functions). Leta € C and
fl@)= Z a,(z—a)" be apower series with strictly positive radius of convergence R.
n=0

Then, the following hold:

(i) The termwise differentiated power series

Z na,(z—a)"~' has the same radius of convergence R
n=1

(ii) The C-valued function f : B(a,R) — C represented by the power series is C-differentiable on
B(a,R)
(iii) The C-derivative f’ : B(a,R) is represented by the power series

g(z)= inan (z—a)"!

We will only prove (i) as the proofs of (ii) and (iii) are pretty long.

Proof. Without loss of generality, we may assume that a = 0 throughout the proof. For (i), by the Cauchy-
Hadamard formula (Proposition 2.4), it suffices to show that

limsup (- |a,|)"/ " = limsup |a,|"/" .
n—oo n—oo

We will prove that

lim (n+1)/"=1.

n—eo

/n — 14§, for some Sn > 0. Then,

n+1_(1+5,1)”_1+n6,,+n("2_1)

—1
>1+7’l(l’12)5n2 whenn > 2

For n > 1, we can write (n+1)

824 ...+ 8"

SO
82 < 2 which implies  lim §2 =0
n n—1 aroot[ .

This proves (i). ]
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For any open set U C C, we let

C®(U) denote the set of analytic functions on U and

C”(U) denote the set of smooth functions on U

We note that C®? (U) C C* (U), i.e. analytic functions are smooth, with derivatives of all orders.

onU.Leta e U and

Z a,(z—a)" be a power series with positive radius of convergence.
n=0

Then, for all n € N, we have

In particular, the power series

o ") —
Z | (z—a)" must have positive radius of convergence.
= n!

Corollary 2.3 (uniqueness of power series). If two power series with the same centre a converge to the
same function on a disc of positive radius centred at a, then the two power series are the same, i.e. have

the same coefficients.

Definition 2.10 (entire function). A function f which is analytic on the whole of C is entire.

Proposition 2.8. If f is an entire function, then f has a power series expansion

| Corollary 2.2 (Taylor's theorem). Let U C C be an open set and f € C® (U) be an analytic function
| f(z)=Y a,Z" with infinite radius of convergence.
n=0

Example 2.9. Let
f2) =x> =3xy* +x2 =y +x+14+i(3x°y —y> + 2xy +y).
(a) Show that f(z) is entire.
(b) Express f(z) as a function of z.

Solution.
(a) This is a very simple exercise using the CR equations.

(b) Recall the binomial theorem and see that
f@)=x =3x +i(3x%y—y*) + 22 —y* +x+ 1 +i(2xy+)
=x 73xy2+i(3x2y7y3) +x2 =y 2ixy+x+iy+1
= (x4iy)’ + (x4 iy) +x+iv+1

=24+ +z+1

So, f(z) =2 +22+z+1. O
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Example 2.10. Find an entire function f such that Re(f) = x*> — 3x — y? or explain why there is no such

function.

Solution. Write f = u+ iv, where u and v are real-valued functions. Given that u = x> — 3x — y, we apply the

CR equations

du Jdv du v

Solving the first equation yields v = 2xy+ g (), where g(y) is a function in terms of y. Then, 2x+g'(y) = 2x—3,
which implies that g(y) = —3y+ ¢ for some constant c.

Now, we have v = 2xy — 3y + c. We conclude that the following function satisfies the hypotheses:

f(z) =x* =3x—y* +i(2xy—3y+c)
=x* —y* 4 2ixy —3x—3iy+ic

=7 —3z+ci
So, f(z) =22 —3z+ci. O
Example 2.11 (Dinh's 70 problems). Let f: C — C be an entire function such that
f(0)=f(0)=0 and Re(f)=x>—y*+6xy.
Find f.
Solution. Let z = x + iy, so 7> = x> — y> + 2xyi. As such,
x> —y*+6xy=Re (z2 — 3iZ2)
Since f'(0) = 0, then f’(z) = 7> — 3iz>. It follows that f(z) = z°/3 — iz as £(0) = 0. O

Definition 2.11 (zero). Let Q C C be an open set and let f : Q — C be a holomorphic function on Q.
For any point a € Q and any m € Z>(, we say that a is a zero of f of multiplicity m if and only if there

exists

a holomorphic function g: Q — C with g(a) #0 such that for all z€ Q we have f(z) =(z—a)" g(z).

Theorem 2.5. Let Q C C be a connected open set and let f : Q — C be a holomorphic function on Q.
Then, the following are equivalent:
(i) f isidentically O as a function;
(ii) There exists a point a €  such that for all n € Z, one has f") (a) = 0;
(iii) The set f~1(0) = {z € G: f(z) = 0} of zeros of f has a limit point in Q

Proof. We first note that (i) implies (ii) and (i) implies (iii) are obvious. We then prove (iii) implies (ii). By (iii),
there exists a limit point @ €  of f~'(0). Suppose on the contrary that (ii) does not hold. Then, there exists
n € Z>o such that

fl@)=f(a)=...=f"V(@=0 and " (a)#0.
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Since £~1(0) is a closed set, we must have a € f~! (0) so f (a) = 0. As Q is open, then there exists R > 0 such
that B (a,R) C Q. Expanding f in a power series about a yields

flz) = iak(z—a)k forz € B(a,R).
k=n

Define .
@)=Y a (z—a)*™" forze B(a,R).
k=n

Then, f(z) = (z—a)" g(z) as holomorphic functions on B (a,R) and g (a) = a, # 0. By continuity of g, there
exists 0 < r < R such that g (z) # 0 for all z € B(a,r). Then, for all z € B(a,r)\ {a}, one has f(z) # 0. This

implies that
F710)NB(a,r) = {a},
i.e. ais an isolated point in f~! (0), contradicting the hypothesis that a is a limit point of f~'(0).

Lastly, we prove (ii) implies (i). Let

A:{ZGQ:f(")(z):0f0ralln€ZEO}: N (f(")>_1(0).

HEZEO

By (ii), A # 0 is closed in Q. We will prove that A is open in Q. Thereafter, using the fact that Q is connected,
this would imply A = Q and hence, f =0 (i.e. f is identically 0).

For any a € A C Q, there exists R > 0 such that B(a,R) C Q. Expanding f as a power series about a yields
f(z)=Y a,(z—a)" as aholomorphic function on B(a,R),
n=0

where for each n > 0, we have

(n)
L@,
n!
as a € A. Hence, B(a,R) C A, implying that A is open in Q. O

Theorem 2.6 (identity theorem). Let Q C C be a connected open set and let f,g: Q — C be

holomorphic functions on Q. Then,

f=g ifandonlyif {z€Q: f(z)=g(z)} hasalimit point in Q.

Example 2.12. Does there exist an entire function with the property that for n € N,

4
f n_ .,
n 1 +n*

Solution. Replacing n with 1/z, we consider the function

1
8(2) = #+1
Note that the roots of the equation z* + 1 = 0 can be found as follows. As z* = —1 = €247 then
<, 2k+1 >
z=exp|im- ) ,
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where k = 0,1,2,3. We denote the roots by p,, where 0 < n < 3. Obviously, g(z) is holomorphic outside
the 4 points p,. By our hypothesis, f(z) = g(z) for z = 1,1/2,1/3,... and both f and g are defined on
Q = C\ {po,p1,p2,p3}- The sequence 1,1/2,1/3,... converges to 0 which is inside Q, so this sequence is
not discrete in Q2. We conclude that f = g in Q by the identity theorem.

On the other hand, the function f is entire and bounded near p, but g is not bounded near these points. We

have obtained a contradiction so such a function f does not exist. (I

Example 2.13. Do there exist functions f and g that are holomorphic at z = 0 and that satisfy

(@) f(1/n)= f(—1/n) =1/n? where n € N;

(b) g(1/n) =g(—1/n) =1/n’, where n € N?

Solution.

(a) Yes, f(z) =%

(b) We prove that such a function g does not exist in a neighbourhood of 0. Suppose on the contrary
that g exists. Define h(z) = z° and I(z) = —z>. We have g(z) = h(z) on a non-discrete sequence
z=1,1/2,1/3,... which converges to 0, and 0 is in the domain of g. By the identity theorem, g(z) = h(z).
In a similar fashion, by considering the sequence z=—1,—1/2,—1/3,..., we obtain g(z) = I(z). Hence,

3

h(z) = I(z), implying that > = —z3, s0 z3 = 0. However, this is a contradiction. O

Example 2.14. Show that there is no holomorphic function f in C such that

1 —2/n
f <> _ e for all n € N.
n

n +1
Solution. Suppose on the contrary that such a function exists. Consider
72Z
e
Z)= :
8(2) z+1

This function is defined for all z € C except at z = —1. By the hypothesis, this function is equal to f on the

sequence 1/n which is not discrete on C\ {—1} and so, f = g on C\ {—1}. However, this is a contradiction. [J

Corollary 2.4 (finite multiplicity). Let Q C C be a connected open set and let f : Q — C be a non-
zero holomorphic function on Q. For any point a € Q, there exists n € Z>( and a holomorphic function
g:Q — C with g (a) # 0 such that for all z € Q, one has

f@)=(z—a)"g(2).

Corollary 2.5 (discreteness of zeros). Let Q C C be a connected open set and let f: Q — C be a
holomorphic function on Q. If f is non-constant, then the set £~ (0) = {z € Q: f(z) = 0} of zeros of f
is a discrete subset of Q, i.e. for any point a € Q such that f (a) =0,

there exists R > 0 such that B (a,R) C Qand f~'(0)NB(a,R) = {a}.

2.4
The Exponential Function

Recall from Real Analysis (MA2108) that e can be defined to be the following infinite series:

|
ezf;);
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This can be deduced from the Maclaurin expansion of e*, which is

oo

x"
e = Z - which has radius of convergence R = oo.

n=0 n

Definition 2.12 (complex exponential function). The complex exponential function is the function
exp : C — C defined by the power series

ooxn

exp(x) =) =

n=0

By the ratio test, the power series representing the complex exponential function converges absolutely for

all z € C, which implies that the radius of convergence R is co. This implies

1
limsup {/ — =0.
n—soo n!

Alternatively, one can directly deduce the value of this limsup using Stirling’s formula, which states that

n!

. . . . n\”"
lim —————- or the alternative asymptotic relation n! ~ v/2n1 (7> .
n—=e\/27n (n/e)

e

Proposition 2.9. For any z,w € C, we have

exp(z+w)=exp(z)-exp(w) inC.

Proof. The power seires for exp(z) and exp (w) converge absolutely, so by Proposition 2.7 (an important
proposition on convolution), we have the following:
(i) For all n € Z>, the series

w .

Cp = — . — converges absolutely in C
kl€lzo ™ :
k+{=n

(ii) The series

n
Z Cn = Z (e + ’W) converges in C

n€Z>q nez n:

(iii) One has exp (z)-exp(w) =exp(z+w)in C

By considering (iii), we see that the result follows. O

From the lens of Group Theory, we say that the complex exponential function exp : C — C* is a continuous
group homomorphism from

the additive group C to the multiplicative group C* = C\ {0}.
To see why, we have exp (0) = 0°/0! = 1. Then, for all z € C, we have
1 =exp(0) =exp(z)-exp(—z) so exp(z) eC*.

Proposition 2.9 shows that exp is a group homomorphism from C to C*. Since exp is a function defined by a

convergent power series, we conclude that it is continuous.



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 24 of 95

I Remark 2.3. C =R x iR as groups.

I Theorem 2.7. exp restricts to an isomorphism exp : R — RZ,,.

Proof. 1t is clear from the power series definition that exp : R — R. Also, note that
exp: R — C*NR=R* =R UR.

Since exp is continuous and R is connected, we must have exp (R) being connected in R*, where exp (R) C
RZ,,. For x € R0, we have exp (x) > 1 +x is not bounded above so [1,%0) C exp (R) and ker (exp) "R>o = {0}.
Then from exp (—x) = [exp (x)] ', we have (0,1] C exp (R) and ker (exp) NRxo = {0}. O

I Lemma 2.2. For z € C, we have exp (Z) = exp (z).

Proof. We note that

n=0 " n=0""
O
Definition 2.13 (circle group). Let
T={zeC":|zJc =1} <C* denote the circle group.
I Proposition 2.10. Foranyt € R, we have |exp (it)| = 1. In other words, exp maps iR C Cinto T C C*.
Proof. We have
lexp (it) ]é = exp (it) exp (it)
=exp(it)exp (ir) by Lemma 2.2
= exp (it) exp (—it)
which is equal to exp0 = 1. O
Corollary 2.6. For any z € C, we have
lexp (z)|c = exp(Re(z))  inRso.
Proof. We have z =Re(z) +iIm(z) implies exp (z) = exp (Re(z)) -exp (iIm(z)). O

Theorem 2.8. For any z € C, we have

exp(z) € T ifandonlyif zeiR.

Proof. We have exp (z) € T if and only if exp (Re(z)) = 1, or equivalently Re (z) = 0. O



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 25 of 95

For this set of notes, we let
D=B(0,1)={zeC:|z| <1}

denote the open unit ball centred at 0 in C.

Definition 2.14 (logarithmic function). The logarithmic series A : D — C is the power series

7 ZZ 3

log(1 4+ =A@ =% (-1 D =e- T4l

n=1
I Proposition 2.11. For any z € D, one has exp (A (z)) = 1 +z.

I Lemma 2.3. The series defining A (z) has radius of convergence 1.

Proof. As z € D (open unit disc centred at 0), the series converges absolutely by the ratio test, i.e.

n+1 1
2/ (n+1) " |zl whichis < I.
Zn/n n+1

I Theorem 2.9. The function exp : C — C* is surjective.

I Theorem 2.10. ker(exp) C C is a non-trivial, discrete subgroup contained in /R C C.

Proof. By surjectivity (Theorem 2.9), there exists z € C such that exp (z) = —1 in C*. Then, z # 0 in C since
exp(0) =1# —1s02z# 0 in C. However,

exp(22) = exp(z+2) = [exp(2))* = (-1)* = 1

so ker (exp) is a non-trivial subgroup of C.

We then prove that ker (exp) is contained in iR. Note that

ker (exp) ={z€ C:exp(z) =1}
C{zeC:lexp(a)lc =1}

which is equal to exp~! (T) = iR.

Lastly, we prove that ker (exp) is a discrete subgroup of C. Note that for z € C\ {0}, we have the following':

exp (Z) —1 1 & Z > Z . €exp (Z) —1
z = n! (n+1)! 0 z

Thus, the function

-1
exp(z) 1 ifz#0; :
g:C—C where g(z)= z is continuous.
1 ifz=0

THere is an interesting fact: the function x/ (¢* — 1) appears in the definition of Bernoulli numbers. This pops up in Combinatorics and

Analytic Number Theory.
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As such, there exists an open subset U C C with 0 € U such that 0 ¢ g (U). Equivalently, g~' (0)NU # 0. Then,
for all z € U, exp(z) = 1 if and only if z = 0, so ker (exp) NU = {0}. As such, for all w € ker (exp), we have
ker (exp) N (w+U) = {w}, so every point in ker (exp) is isolated. O

Now, we will define 1!
Definition 2.15. We define 7 to be the following:
w=inf{r € Rog:exp(2it) =1}

1
= inf{ o ker (exp) N R>0}
i

In Theorem 2.10, we mentioned that
1 . .
o ker (exp) NR~o is non-empty and discrete.
As such, 7 is a positive real number!

I Proposition 2.12. ker(exp) =2miZ C iR

Proof. The reverse inclusion D is obvious. For the forward inclusion, suppose z € ker (exp). Then, write
z=2in(nw+t) wherene€Z,0<t<m.

So, exp (2it) = 1 and the result follows. O

I Corollary 2.7 (Euler's identity). e®+1=0

Proof. Note that w = ¢™ in C satisfies w?> = ¢*™ = 1. So, w = +1 in C. Since 7i ¢ 27iZ, then w # 1, so
w=—1. O

Theorem 2.11 (de Moivre's theorem). Forn € Z,

(cosB +isinB)" = cosnb +isin6.

Proof. By Euler’s formula, e’® = cos 6 4 isin 6. In de Moivre’s theorem, the left side of the equation is ¢ by

raising both sides to the power of n. The result follows by using Euler’s formula on ¢”9. O

Definition 2.16 (topological group). A topological group is a group G equipped with a topology such
that we have the following:
(i) G is atopological space
(ii) The group operation - : G X G — G, given by (g,h) — g-h, is continuous with respect to the product
topology on G x G

1

(iii) The inverse function (-)_1 :G — G given by g — g~ is continuous

In summary

exp: C— C* is a continuous, surjective homomorphism of topological groups (Definition 2.16).
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Its kernel is ker (exp) = 2miZ C C. Hence, it induces an isomorphism of topological groups
C/2niZ = C*  where 24 2WiZ — €.

Restricting to the real axis yields

R S5 Ryy where x— ¢,
while restricting to purely imaginary parts modulo 27 yields
iR/2miZ =T where iy+2miZ e,

Using polar coordinates, we obtain an isomorphism

RooxT = C*, (r,0)+r0 whoseinverseis zr <IZ| ) Z) .

|z|

On the additive side, we note that
R@iR=C whichis given by the map (x,iy) — x+iy.

2.5
Harmonic Functions

Definition 2.17 (harmonic function). A real-valued function A(x,y) is said to be harmonic if it is twice

continuously differentiable and satisfies Laplace’s equation. That is,

Ph Ph

W+Tyz_o'

hyx+hyy =0 or

Example 2.15. Show that x> cannot be harmonic for any non-constant harmonic function u.

Solution. Let u be a non-constant harmonic function. Then,

Pu Pu_,
oxz  9y?
Also, we have ) )
92 (uz) d%u Ju 02 (uz) d%u Ju

However,

0’ (w) W) _, 82u+2<8u)2+2u82u+2<8u)2 _2(3u>2+2(8u>2 L0

dx? dy? “oxz dx dy? Jdy ox dy

which concludes the proof. O

Definition 2.18 (harmonic conjugate). Let u be a harmonic function. If v is a harmonic function

satisfying the Cauchy-Riemann equations, then v is a harmonic conjugate of u.
Example 2.16 (MA5217 AY24/25 Sem 1 Homework 1). Show that the function
u(x,y) = e cos(x+y) + e cos(x —y)

is harmonic in C and find a harmonic conjugate of u.



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS

Solution. By definition, we need to show that u satisfies Laplace’s equation, i.e.

0*u  d%u B

87)62—1—87))2_0'

Lets=x+yandt=x—y, so

s+t s—t P s
u 5 Ty = e Coss+e cost

Hence,

%u  d%u

S _ Lt t S _
W"‘W =e’cost—e' coss+e coss—e’ cost =0

so u is harmonic. Finding a harmonic conjugate is trivial.

Example 2.17 (Dinh's 70 problems). Find all harmonic functions u(x,y) in C such that

(¥* —=y*)u(x,y) is harmonic in C.

Solution. Let f(x,y) = (x> —y?)u(x,y). Then,

foo = (x2 — yz)uxx +4xuc+2u and  fy, = (x2 — y2)uyy — dyu, —2u.

As such,

S +fyy = 4(xux _yuy)a

Page 28 of 95

where we used the fact that u is harmonic (i.e. uy, + uy, = 0). For f to be harmonic, xu, = yu,. One can

use techniques taught to solve partial differential equations to deduce that u(x,y) = g(xy), where g : R — R.

Therefore, g"(xy) = 0, so g(¢) = at + b, where a,b € R. Hence, u(x,y) = axy +b.

]
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Chapter 3

Complex Integration

3.1
Riemann-Stieltjes Integrals

In this section, we are interested in integration over paths in C.

Definition 3.1 (continuous map). Let X be a Euclidean space (take for example X = C) and let [a,b] C
R be a compact interval. A piecewise-C! path in X parametrized by [a, b] such as a contour, arc, etc. is a
continuous map ¥ : [a,b] — X such that there exists a partition P ={a =1y <1, < ... <t, = b} of [a,D]
and for all 1 < j < m, the map

Y ’[z,,l,tj]: [tj-1,¢;] — X is continuously differentiable, i.e. C'.

What Definition 3.1 really means is that ' exists no (¢;_1,7;) and is continuous, and both the limits

lim Y (¢t) and lim ¥ (t) existin X.

1=t 1=t;

Definition 3.2 (closed path). A path yin X is closed if and only if y(a) = y(b) in X, where

y(a) is the initial point and Yy (b) is the endpoint.
Definition 3.3 (variation). For any map y: [a,b] — X and any partition (necessarily finite) P =
{a=1t<n <...<t,=>b} of [a,b], define
m
v(y,P) = Z |y (tx) —Y(tx—1)| inR>¢ tobe the variation of y with respect to P.
k=1

Set

V (y) = sup{v(y;P) : P a partition of [a,b]} in R>gU{e} tobe the total variation of y.

Definition 3.4 (rectifiable path). A path y is said to be rectifiable or a function of bounded variation

if and only if V () < eo.

Theorem 3.1 (fundamental theorem of line integrals). Suppose C is a smooth curve given by z(¢) :
a<z<bandF'(z) = f(z). Then,

/Cf(Z) dz=F (z(b) — F (z(a)).
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Lemma 3.1 (triangle inequality). Suppose f is a continuous complex-valued function of ¢. Then,

[rwal< [ 7o) a

Proposition 3.1. If y: [a,b] — C is piecewise C', then ¥ is of bounded variation and

vo=[ 7o) a

In other words, the length of y is equal to V (7).

Proof. We assume that yis C!. Let P={a=1y <t} < ... <t, = b} be any partition of [a,b]. Then, for each
1 <k <m, we have

¥ Y (t) dt

Tk—1

lY(tx) —y(te-1)| = by the Fundamental Theorem of Calculus (Theorem 3.1)

{7
< / ’y’ (1) dt’ by the triangle inequality (Lemma 3.1)
Ti—1

As such,
m m tr b
VP =Yy -ven < Y [ Y@l d= [ 7o) ar
k=1 k=1"1tk-1 a

This implies V (¢) is bounded by the integral on the RHS, which is finite. Hence, 7y is of bounded variation. We
then show that

[ 17 0] dr <V () =supv () in B

It suffices to show that for any € > 0, there exists a partition P of [a,b] such that

/bh/(t)‘ dt — € - constant < v(7; P).

Let € > 0 be arbitrary. Since yis C! on [a,b], a compact interval, then ¥ is uniformly continuous on [a,b]. As
such, there exists § > 0 such that for any s,7 € [a,b] with |s—¢| < &, we have |y (s) — ¥ (¢)| < €. We choose
any partition P ={a =1y <t <... <t, = b} such that

|IP|| =max{(ty —tx—1): 1 <k<m} is <.
Then, for all t,_; <t <, one has

YO -7 @) <e so Y0 <|Y(1)|+e.

Hence,
/ttk W(t)‘ dr < b/(tk)‘(tk_tk—1)+€(l‘k—tk_1)
/,:kl (Y ()= (Y (1) =7 (w))) dt

/:I}/(t) dt

< |V (1) =¥ (1) | +2€ (16— 151)

+8(Ik—lk_1)

<

Tk
+ / |V (1) =7 (t)| dr+&(tx —1,—1) Dby the triangle inequality (Lemma 3.1)
T—1
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Hence,
b
[ 17wl dr<vrn+2e-a
a
so the result follows. O
Example 3.1 (line segment in C). For any w,z € C, the line segment [w,z] C C parametrized by
y:10,1] = C where 7y(r)=w+t(z—w) isrectifiable.

Its length is

1
V= [ O] di=lz=wl(1-0) = z=w].
Example 3.2 (circles in C). For any a € C and r € Ry, the circle C (a,r) = dB(a,r) parametrized by
y:[0,27] — C where 7y(t)=a-+re" isrectifiable.

Its length is

2 .
v (y) :/O Y (1)] dr = |rie"| 2z —0) =27

In layman’s terms, we say that the circumference of a circle of radius a (with an arbitrary centre) is 27r.

Example 3.3 (space-filling curves). A continuous space-filling curve is continuous but not rectifiable. A
space-filling curve is a continuous mapping from a one-dimensional interval (often [0,1]) onto a higher-
dimensional region (for example, the unit square [0,1] x [0,1]). Such curves are famous because they
challenge our usual intuition that a [-dimensional object cannot fill up an area (2-dimensional) or volume

(3-dimensional).

A non-rectifiable curve is one that has infinite total length by this definition. For example, consider the Hilbert
curve in Figure 1. In other words, if one tries to approximate the curve by successively finer polygonal chains,

the total length of those polygonal approximations grows without bound.

Figure 1: Hilbert curve

Definition 3.5. Let y: [a,b] — C be a piecewise C' path and let f : [a,b] — C be a continuous function
on [a,b]. We set

/abfdyz/abf(t)?/(t) dr inC.



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 32 of 95

Definition 3.6 (path integral). Let y: [a,b] — C be a piecewise smooth path and let f : {y} — Cbe a

continuous function on the trace of y. The path integral of f along v is
b b
[r@ = [ row) ar= ["ram)y @ a.
a a

Example 3.4. For any w,z € C, parameterized the line segment [w,z] C C by
7:[0,1] - C where y()=w+1(z—w).

Then, for any n € Z>(, we have

Zn+1 _ wn+1

/}/z”dz:/ol(qut(zw))"(zw) dt = —

Example 3.5. For any r € R, parameterize the circle C (0,r) C C as follows:
y:[0,2n] = C where 7y(t) =re"
Then, for any n € Z, we have
2 n ) 2.
/Z" dZZ/ (re”) -ire" dt = ir"H/ St gy
Y 0 0
which is equal to O is n # —1; 2wi if n = —1.
Proposition 3.2 (reparametrization of paths). Let

y:[a,b) - C be apiecewise C' path and
@ :[c,d] = [a,b] be aC'bijection with ¢’ (s) forall s € [c,d]

Then, yo @ : [c,d] — C is also a piecewise C' path and for any continuous function f : {y} — C on the

/f dz= fdz
Y 700

Proof. Ttis clear that yo @ is a piecewise C! path. Thus, we have

trace of ¥, we have

fdz= / df ((Yo@) () - (Yo @) (s) ds by definition
Yoo ¢
d
~ [ (@)Y (9(s)) ¢/ (s) ds by the chain rule

b
= / f(y() -y (t) dt by performing a change of variables t = ¢ (s)

= / f dz by definition
4
So, the result follows. O

Definition 3.7 (equivalent paths). Let

6 :[c,d] - C andy:[a,b] - C be piecewise C' paths.
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We say that the path ¢ is equivalent to v if there exists a function
@ :[c,d] — [a,b] whichis C!, strictly increasing, and with ¢ (¢) =a and ¢ (d) = b

such that 0 = yo @. We call the function ¢ a change of parameter.

Proposition 3.3. Let

y:[a,b] - C be apiecewise C' path and

f,g:{y} = C be continuous functions on the trace of y

Then, the following hold:
(i) Linearity with respect to integrand: For any a, 8 € C, we have

/af+ﬁgdz=a/fdz+ﬁ/gdz
Y Y Y
(ii) Reverse orientation of path: We have

/_ydeZ—/yfdz

(iii) Translation of path: For any ¢ € C, we have

f(2) dz:/f(z—i—c) dz

Y+c

Lemma 3.2 (ML inequality/estimation lemma). Let

y:[a,b] - C be apiecewise C' path and

f:{y} = C be continuous functions on the trace of y

/yfdz

Then,
< ML.

Here,

M = sup |f(z)| denotes the supremum norm of f on {y} and
z&{r}

L=V (y) denotes the length of y

Proof. We have

b b
<|[ sy w )< [y o] a<m

/yfdz

Theorem 3.2 (analogue of the Fundamental Theorem of Calculus). Let Q be an open subset of C
and let v be a piecewise C! path in Q with initial and endpoints « and 8 respectively. If

f:Q — Cis acontinuous function with primitive F : @ — C then / fdz=F(B)—F(a).
Y
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Note that F is said to be a primitive/antiderivative of f when F’ = f. This notation yields what is known
as the holomorphic derivative.

Proposition 3.4 (path independence). Let Q C C be an open set. For any piecewise C! path y in Q,
the path integral
/ f dz depends only on the endpoints of 7.
Y

That is to say, if 7 and }p have the same endpoints,
/ fdz= / fdz.
Y %

Corollary 3.1. If yis a closed curve in Q and f : Q — C is continuous, then

/yfdz:o.

Example 3.6. Let y be the contour given by ¥(t) = 3¢, where 0 <t < 7. Prove that

Zeiz
T <5
/7/Z2—11z+30 ¢

Solution. Obviously, L = 37 since (t) = 3¢, where 0 <t < 7 is the equation of the upper half of a circle of

radius 3 centred at the origin, so its arc length is 3. Now, we need to justify that M < 5/3m. Let z = x + iy.

We have o
zZ- ez

(z—5)(z—6)

Since |z| < 3 and applying the triangle inequality, we see that

72—11z+30

__lEe e
z=5llz—6] |z—5|lz—-6]

e 3.1 3 N
e=5llz—6] ™ [l = 5l[lz| —6] T~ |3-5[[3—-6] 2
soM =1/2.Ttis clear that 1 /2 < 5/3m so we conclude that M < 5/37. O
3.2

Some Results in Topology

Definition 3.8 (star-shaped set). A set S is star-shaped if it has a point s, known as the star centre, so
that for each z € S, the segment [s, z] lies in S.

[s ;Z]/.>
s Z
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I Remark 3.1. A star domain is not necessarily convex.

Example 3.7. A cross-shaped figure is a star domain but is not convex.

Theorem 3.3. Let S be an open star-shaped region and f continuous on S. Let T be a closed triangular

region and dT be the boundary of the triangle traversed in the anticlockwise direction. Suppose

/an(z)dz:O

for every T in S, then f has an antiderivative, F, in S.

for every r € RT™ wehave B, (w)NS# 0.

Definition 3.10 (closure). Denote the set of boundary points by dS. Given a set S, the closure of S,
denoted by S, is defined by
S=SuUdJs.

‘ Definition 3.9 (boundary point). A point w € C is a boundary point of S if
I Theorem 3.4. A set G is closed if and only if G = G.

Proof. For the forward direction, suppose G is closed. We wish to prove that G = GU dG, or equivalently,
dG C G. Suppose on the contrary that dG € G. Then, there exists w € dG \ G. For every € > 0, we have

Be (W)NG # 0 and Be (w)NG # 0  which implies Be (W) NG # 0.

However, w € G, so w € G'. As G is closed, then G’ is open, so there exists € > 0 such that B(w,&') C G'.
Hence, B(w,€') NG = 0 and this is a contradiction, so dG C G.

We then prove the reverse direction. Suppose G = GU dG. We wish to prove that G’ is open. Let x € G'.
As dG C G, then G'NJG = 0. There exists € > 0 such that B(x,€) NG =0 or B(x,€)NG =0. As x € G, then
B(x,e) NG’ # 0. Therefore, B(x,€) NG = 0 or B(x,€) C G', which is the definition of G’ being open. O

Definition 3.11 (accumulation point). A point zp is an accumulation point of a set S if each

neighbourhood of zg contains at least one point of S distinct from z.
I Remark 3.2. The accumulation point of a set S does not have to be an element of that set.

I Proposition 3.5. A set S is closed if and only if S contains all its accumulation points.

Proof. For the forward direction, we proceed with contradiction. Let y be an accumulation of § which is not
in S. Then, y € §'. As §’ is an open set, there exists 6 > 0 such that Bs(y) C §’. As such, Bs(y)NS =10,
contradicting the assumption that y is an accumulation point for S.

For the reverse direction, suppose S contains all its accumulation points. We need to show that S is closed.

It suffices to show that S’ is open. Let x € . Then, x is not an accumulation of S since S already contains all its
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accumulation points. So, there exists § > 0 such that
Bs (x)\ ({x}NS) = Bs (x)NS = 0.
We conclude that Bg (x) C §', so S’ is open. O

Definition 3.12 (uniform convergence of sequence of functions). Let {f,},.x be a sequence of
functions.

(i) The sequence converges to f on a set D C C if and only if

sup [fu(w)—f(w)] =0 as n-—oo
weD

(i) The sequence converges locally uniformly to f on a set U C C if and only if for any point a € U,
there exists an open set D with a € D C U such that f;, — f uniformly on D

(i) {f,},cn converges to f on compact subsets of U C C if and only if for any compact subset D C U,
one has f, — f uniformly on D

3.3
The Cauchy-Goursat Theorem

Definition 3.13. Let
¥: [a,b] — C be a piecewise C! path and ¢ : {y} — C be a continuous function.

For any z € C\ {7}, define

f(z):/y(p(w) dw:/abq)(}/(t)).}/(t) dt inC.

w—z v(t)—z

The resulting function

f:C\{y} - ConC\{y} issaidtobe Cauchy-integrally represented by v and ¢.

Note that the function f (z) in Definition 3.13 is well-defined since the integrand

~—

(w

<

w—z
is a continuous function of w on {7}.

Example 3.8 (classic example). Fix some a € C and r € R-(. Take

y:10,2n] = C tobe y(t) =a+re" parametrizing {y} = C(a,r) and
¢ :{y} - C tobe the constant function 1

Recall that C (a, r) denotes the circle of radius r centred at a. Then, the function Cauchy-integrally represented

by 7 and ¢ is given as follows:

1 1 ifzeB(a,r);
dw =
w—z 0 ifze C\B(a,r)

1
forallze C\{y} we have 27”/7/
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Naively, one would need to evaluate the following integral:

1 1 I I
7/ dw:—/ Ldzzi/ eia_dt
2mi Jyw—2z 2wiJo re'4+a—z 2w Jo et +EE

However, how do we continue? Backtracking, consider the integral

1 1
2mi yw—=2
We first compute at the centre z = a. For all n € Z, we have ¥(t) = a + re’. Hence, the integral becomes
1 1 1 2% jret 1 o 1 ifn=0;
f/idw:—./ ”_fe dt = / (re”) dt =
27i Jy (w— a)'Hl 2mi Jo (rett)”+l 2w Jo 0 ifn0.
Next, for z € B(a,r), we expand the integrand 1/ (w — z) as a power series in terms of z — a to obtain

1 1 1 11 i(z—a)"
w—z (w—a)—(z—a) w—-a 1-2 w—aZ\w-a

w

For w € C(a,r), we have

z—a| |z—dq

r

<1

w—a

so the aforementioned series converges uniformly for w € C (a,r). As such,

1 1 1 - —a\"
7/ dwzf,/ Z(Z a> dw
2ni Jyw—z 2ni Jyw—a =y \w—a
= (5 g ) -

Since

1 1 1 ifn=0
f/inﬂdwz
27i Jy (w—a) 0 ifn0,

= (1 .
,;)<2M/9/(w—a)”+l dw> (z—a)"=1.

Lastly, we fix z € C\ B(a,r), we expand the integrand 1/ (w — z) as a power series in (z — a)_l, so we obtain

[ -1 -1 1 _—1iw—a"
w—z (z—a)—(w—-a) z—a l—u_z—an:0 z—a )

Z—a

then

Hence, for w € C(a,r), we have

w—a r

<1

i—al| |z—d

so the last series above converges uniformly for w € C(a,r). Hence,

1 1 w—a 1 -1 & '
- d d —_ . o nd7 _ 7nd
Zni/yw—z Y= 27171 z— a/g’0< a> Y omi z—a%(/y(w %) w> (z—a) "

since

/ (w—a)" dw=0.
Y
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Theorem 3.5. Let ¢ : {y} — C be a continuous function and suppose f : C\ — C be Cauchy-integrally
represented by 7 and ¢. So, we have

forallze C\ {y} wehave f(z)= f}(w) dw inC.
yW—2

Let a € C\ {y} be given. Then, for all n € N, define

cm:/(p(w)+1 dw inC.
y(w—a)"

Then, for any r € R~ such that B(a,r) C C\ {7},

the power series )" c,q(z—a)"  converges uniformly to f (z) on B(a,r).
n=0

In particular, for all z € B(a,r), we have

W) f@)= icn,a (z—a)".

yw—2

Theorem 3.6 (Cauchy-Goursat theorem for triangles). Let Q C C be an open setand f: Q — Cbe a
continuous function on Q. Assume that f is holomorphic on Q except possibly at one point w € Q. Let
T = |a,b,c,d] be a triangular path in Q and let A be the closed set formed by T and its inside, so T = JA.

If A C Q, then
/ f(z) dz=0.
T
Proof. We first deal with the case when w ¢ A. We use the midpoints of A and subdivide A into four triangles
At,...,A4. Bygiving the boundaries 7; = dA; appropriate directions, we see that each 7 is a triangular path
and

/Tf(z) dzzg/ij(z) dz.

Equivalently, we have the following diagram:

By the triangle inequality, we have

4
<)
j=1

‘/Tf(z) dz /ij(z) d
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so there must exist an index 1 < j <4 such that

/Tf(z) dz

Set T(1) = T; for such an index j. We can thus recursively define a sequence {T(”>}n ¢y ©f closed triangular
paths and the closed sets {A(”) }n ¢ they close which satisfy T = dA" . Hence,

‘/wa(z) dz /T(nmf(z) dz /Tm)f(z) dz

Since A is compact, it follows from that @ D A D AV D AP > .. and ¢ (T™) = (1/2)" T (n) that

§4‘/ij(z) dz

<4 <4"

so by induction we have ‘ / f(z) dz
T

A" = {z0}
n=1
which simply consists of single point zg € QF.

By the hypothesis, f is holomorphic at zy, hence for any € > 0, there exists 8 > 0 such that B(z9,6) C Q
and for any z € B(zp,§), we have

£ (2) = f(z0) — " (z0) (z—20)| < €|z —z0]-
Given any € > 0, we can choose some n € N sufficiently large such that
diam <A<">) = (1/2)"diam(A) is < A.

Since T is a closed path and 1,z have primitives in £, we have

/ ldzz/ zdz=0.
T () (1)

[ @ dz= [ 7@ =f )~ f o) =z0) dz.

The length of the path T is (Z(T(")) = (1/2)"¢(T), where £(T) is the length of the original triangle T.

Applying the estimation lemma (Lemma 3.2), we have

Hence,

)f(z) dz

<e(1) - sup |£(2) 1 (20) ~ f (20) (2= 20)|

T €T )

Since € > 0 is arbitrary and 1/4" becomes arbitrarily small as n — oo, we conclude that

/ f(z) dz
T (n)

Now, suppose w = a is a vertex of T'. If A is degenerate, i.e. all the vertices are collinear, then by independence

lim =0.
n—soo

of parametrization, we have
/ f(z) dz=0 for any continuous f.
T

"This reminds me of the proof of the nested interval theorem in Real Analysis
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Next, suppose A is not degenerate. We consider points d, e on (a,b), (a,c) respectively. Then,
/ f(z) dz= f(z) dz+ f(z) dz+ f(z) dz.
T Jadea Jdbed Jebce
Note that the integrals in teal are equal to O because w is not contained in the interiors of dbed and ebce. Again,

by the estimation lemma (Lemma 3.2), we have

f(z) dz

adea

</((adea)- sup |f(z)|.

zE€adea

Since these quantities can be made arbitrarily small, then the integral in red evaluates to 0. We conclude that

/ f(z) dz=0.
T
In general, if w € A, one can deduce that
/ f(z) dz=0.
T

The result follows. OJ

Theorem 3.7 (local form of Cauchy-Goursat theorem/Cauchy integral theorem). Let Q C C be an
open convex set (i.e. an open disc) and let f : Q — C be a continuous function on Q. Assume that f is
holomorphic on C except possibly at one point w € Q. Then, f has a primitive which is holomorphic on

Q and for any closed piecewise C! path 7 in G, one has

/yf(z) dz =0.

Example 3.9. Let f(z) = Log(z+2) and the contour ¥ be the circle |z| = 1 oriented in the anticlockwise
direction. Use the Cauchy-Goursat theorem to prove that

/Y f(z) dz=0.

Solution. Recall that Logz is analytic on C\ (—ee,0]. Thus, f(z) = Log(z+2) is analytic on C\ (—eo, —2].
However, (—eo, —2] lies outside the circle |z| = 1. Thus, f(z) is analytic inside and on the circle |z| = 1, which

is a simple closed contour. The result follows by the Cauchy-Goursat theorem. U

3.4
Cauchy’s Integral Formula

Theorem 3.8 (Cauchy's integral formula). Let Q C C be an open set and let f : Q@ — C be a
holomorphic function on Q. For any point z € Q and any r > 0 such that B (z,r) C Q, taking y: [0,27] —
C to be y(t) = a+ re' parametrizing {y} = C(z,r), for all a € B(z,r), we have

1 rf(@

- 2%iJyz—a

f(a) dz.

Proof. Define
f(z)—fla)

Z—a

g(z) = which is analytic everywhere except at z = a.

Since the derivative of f exists at a, then by the first principles of differentiation,

limg(z) = f'(a).

z—a
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By the Cauchy-Goursat theorem, we have

/g(z) dz=0 which implies /f(z)—f(a) dz=0.
Y Y z—a
So,
1
1 4 = fa) / dz = f(a)-27i,
y<i—a yZi—a
where the last equality follows since we are taking the contour integral on a loop around a. 0

Example 3.10. Let zp € C and ¥ be a simple closed contour enclosing zp with positive orientation. Without

using Cauchy’s integral formula, and using only the fact that

1
/ dz =2mi,
Yy<—20

show that

1@

y<—20

if p(z) =z20+z12+... +ap 17" " ta, s a polynomial then = p(z0) - 2mi.

Solution. By the division algorithm for polynomials, there exist polynomials f(z) and r such that p(z) =
(z=20)f (z) +r.S0, p(z0) =1,

Hence, p(z) = (z—z0)f(z) + p(z0) and we have

1
—dz —/f d —/f dz+p(zo)/ dz = p(z0) - 2mi.
yZ—20 YZ—20
Note that the integral
/ f(2)dz=0
Y
by the Cauchy-Goursat theorem. (Il

Example 3.11. Let C be the circle |z| = 2 oriented in the anticlockwise direction. Evaluate

1
> dz
/c!z—z\z

Solution. We use the identity |z|*> = zZ, so |z —i|* = (z—i)(z + ). Since |z] = 2, then Z = 4/z, so

. . . _ 4i i +52+4  (iz+1)(z—4i
(Z—l)(z+l)=zz+l(z—z)+1:5+l<z—Zl>:lz ZZ _ (& )Z(Z 23

Hence, the contour integral is equivalent to

z [ f2) B iz
/c(iz—l—l)(z—4i) dz—/C; dz wheref(z)——z_4l_.

By Cauchy’s integral formula, the integral is equivalent to 2mwif (i) = —2m/3. O

Theorem 3.9. The following are equivalent:
(i) f is holomorphic on , i.e. for all a € Q, the limit

f'(a) = lim W exists in C.

h—0
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It is characterised as the unique ¢ € C satisfying for every € > 0, there exists > 0 such that for
all z € B(a,d), we have

[f (@)= f(a) = f'(a) (z—a)| < €|z~ al
(ii) f is analytic on Q or locally representable by a convergent power series, i.e. for all a € Q, there

exists a power series

Y a.(z—a)" centredata
n=0

and there exists a strictly positive » > 0 such that B(a,r) C Q and the aforementioned sum
converges normally on B (a,r)

(iii) f is locally representable by a Cauchy’s integral, i.e. for all z € G, there exists a strictly positive
r > 0 such that B(z,r) C Q and for all a € B(z,r), we have

f(a)—l/c(ar)f(z)dz.

oW Z—a

Corollary 3.2 (Cauchy’s differentiation formula). Let Q C C be an open set and let f : Q — C be a
holomorphic function on Q. For any point z € Q and any r > 0 such that B (z,r) C Q, taking y: [0,27] —
C to be y(t) = a+ re' parametrizing {y} = C(z,r), for all a € B(z,r), we have

n!
£ (a) = m/)/(zf(az))nﬂ dz.

Proof. Consider Cauchy’s integral formula (Theorem 3.8) and perform induction.

Theorem 3.10 (Cauchy's estimate). Let Q C C be an open set and let f : Q — C be a holomorphic

function on Q. For any a € Q and any r > 0 such that B (a,r) C Q and any n € Zx¢, one has

@[ <% s 1F ).
weB(a,r)

Proof. By Cauchy’s differentiation formula (Corollary 3.2), we have

Lo L[ _SE
SO = [ o a4

Z—a

Taking absolute value on both sides yields

(@) =

|
e,
27i C(a,r) (Z—Cl)n+

By the estimation lemma (Lemma 3.2), the above is bounded above by

n! 1
S—-2nr-— sup |f(2)]
2m it weCl(a,r)

and upon simplification, we obtain the desired result.

I Theorem 3.11 (Liouville's theorem). If f is a bounded and entire function, then f is a constant.
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Proof. Since f is entire, we can represent it using a Taylor series about z = 0, so
fz)= Z anZ".
n=0
By Cauchy’s integral formula,

f0) 1 e,

n! 2w Je 7!

a, = )

where C is a circle of radius r centred at the origin. Since f is bounded, then |f(z)| < M for some constant M
and for all z € C. We have
M

1 f(2) 1 1 M M M
27i Je 2! Z‘ - 271'/0 ldz] < 2717/C |Z”“!| A= g /c| A= gt 2=

Now, as |z| = r on the circle C, by setting r > 0 to be arbitrary, as r tends to infinity, a, = 0 for all n > 1.

(@)

Zn+1

|an| =

This is because f is entire. Hence, f(z) = ap = M /r which is a constant. In fact, we invoked Cauchy’s estimate
(Theorem 3.10) here. ]

Example 3.12. Find all entire functions f(z) with f(0) =2 and |f(z) —e*| > 1 forall z € C.

Solution. We note that

1 <
Wﬁl where  f(z) —e* #0.

So, 1/(f(z) — €*) is bounded and entire. By Liouville’s theorem,
1 j—
fR)=e
where c is a constant. Since f(0) =2, then ¢ = 1. As such, f(z) = *+ 1. O

Example 3.13. Let g be an entire function such that |g'(z)| < |g'(z) + | for all complex numbers z. Show that
there exist a, B € C such that g(z) = az+ f forall z € C.

Solution. Since g is entire, then g’ is also entire. Let

g'(2)

") = e+

Then 4 is the quotient of two entire functions such that the denominator is not equal to zero at each z € C, hence
h is entire. It is clear that for all z € C, |h(z)| < 1, so h is bounded on C. By Liouville’s theorem, i(z) = ¢, where
c is a constant, so g'(z) = cg’(z) + ci. We have

Hence, g(z) = az+ . O
Example 3.14. Let f: C — C be an entire function such that

lim £(z) = co.

randl

Show that f has at least one zero in C.
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Solution. Suppose on the contrary f has no zeros in C. Consider

Note that g is entire. Using the given limit, there exists R > 0 such that for all |z| > R, | f(z)| > 1. This implies

that |g(z)| < 1 but since g is continuous, it obtains a maximum M on the compact set D(0,R). Hence, for all
7€ C, |g(z)] <max{1,M}, so by Liouville’s theorem, g is a constant, implying that f is a constant, which is a

contradiction. |

Example 3.15. Find all entire functions f(z) such that

Q< —

7m fOfallZ:x+iy€C.

Solution. Since x*,y* > 0, then | f(z)| < 1. By Liouville’s theorem, f is a constant, say c. Then,

1
c< ———.
TPy
It is clear that
lim f(z) =0
so ¢ = 0. Hence, the only function satisfying the hypothesis is f(z) = 0. U

Example 3.16 (MA5217 AY24/25 Sem 1 Homework 1). Find all entire functions f satisfying f(z+1) = f(z)
and f(z+1i) = f(z) for every z € C.

Solution. By an inductive argument, for all n € Z, we have

f(z+n)=f(z) and f(z+ni)=f(z2).

Hence, it suffices to consider the behaviour of f on the unit square [0,1] x [0,1]. Since the unit square is a
compact set, it is bounded by the Heine-Borel theorem. Hence, f(x + iy) is bounded for all x,y € R. Since f
is a bounded function, it is constant (follows by Liouville’s theorem where we assumed that f is entire). So,
f(z) = c for some ¢ € R. O

Example 3.17 (Dinh's 70 problems). Let f = u+iv be an entire function. Show that if u?(z) > v?(z) for all
z € C, then f must be a constant.

Solution. We have f? = u*> — v?> + 2uvi. Consider

2 22 : o ) 1
g=e¢/ =¢ e whichisentire and lg| < —.
e
. . . 2 .
By Liouville’s theorem, g is a constant. So, e/~ = k for some constant k. Thus, f is a constant. (]

Theorem 3.12 (fundamental theorem of algebra). Every non-constant polynomial with coefficients
in C has a zero in C. Equivalently, if p (z) is a non-constant polynomial with coefficients in C, then there
exists a € C such that p(a) =0.
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Proof. Suppose on the contrary that for all z € C, one has p (z) # 0, i.e. p has no zero in C. Say
plz)=7"+ an_12" ' +...4ay is anon-constant polynomial.

Then, clearly,

lim p(z) = lim 2" (1+a,12" ' +... +apz ") = oo.
n—o n—oo

So, f(z) = 1/p(z) is a non-constant entire function and

lim £ (z) = 0.

Z—roo

By the formal definition of a limit, there exists R > 0 such that for all z € C\ B(0,R), one has |f (z)| < 1. As the

closed ball B(0,R) is a bounded set, then by the Heine-Borel theorem, B (0, R) is compact. As f is continuous

on this compact ball, then there exists M > 0 such that for all z € B(0,R), we have |f (z)| < M. This shows that

f is bounded on C. However, f is non-constant, which contradicts Liouville’s theorem (Theorem 3.11). O

Corollary 3.3. Let p(z) be a polynomial with coefficients in C and ay,...,a, € C are its zeros with a;
having multiplicity k; € N. Then, there exists a non-zero constant ¢ such that

p(R)=cz—a)" .. (z—an)™ where degp=ky +...+kn.

3.5
Applications of Cauchy’s Integral Formula

Theorem 3.13 (Morera's theorem). Let Q C C be an open set and f : Q — C be a continuous function
on Q. Suppose for any point zg € Q, there exists R > 0 such that B(zp,R) C Q and

for all closed triangular paths yin B(zo,R) we have / fdz=0,
Y
then f is holomorphic on Q.

Proof. For any 7z € Q, we see that f has a holomorphic primitive F on B(zo,R) to see that f has a holomorphic
primitive F on B (zo,R). But then f = F’ is also holomorphic on B (zg,R) since holomorphicity is equivalent to
analyticity. Hence, f is holomorphic on Q. O

Theorem 3.14 (Weierstrass convergence theorem for sequences of holomorphic functions). Let
Q C C be an open set and {f,},. be a sequence of holomorphic functions on Q. Suppose f, — f
locally uniformly on Q. Then, the following hold:

(i) f is holomorphic on

(i) The sequence {f;}, .y of derivatives also converges locally uniformly on Q to the limit f’

Proof. We first prove (i). For any sufficiently small closed triangular path y in Q, we have f,, — f uniformly
on the compact set {y}. As such,

/fdz: lim/f,,dz
Y n—eeJy
= lim 0 by the Cauchy-Goursat theorem (Theorem 3.7)

n—seo

=0
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By Morera’s theorem (Theorem 3.13), f is holomorphic on Q.

We then prove (ii). Given a € Q, there exists R > 0 such that B(a,R) C Q. Fix 0 < r < R. Then, for any

z € B(a,r), one has B(z,R—r) C B(a,R). By Cauchy’s estimate (Theorem 3.10) applied to the derivative of
fn—f, we have for all z € B(a,r),

1 1
sup  [fu(w)—f(w)[ <
R—7 bR R—r

sup | fu (W) = f (W)]-

weB(a,R)

@)= f (2)] <

Since f, — f uniformly on B (a,R), then the aforementioned expression tends to 0 as n — . Hence, f; — f’
uniformly on B(a,r), and hence locally uniformly on Q. O

Theorem 3.15. Let f be an entire function. Define g(z) = f'(a) if z = a and

f(2) = f(a)

Z—a

g(z) =

if z # a. Then, g is also entire.

Theorem 3.16 (extended Liouville's theorem). If f is entire and if for some k € N, there exists
constants A, B > 0 such that
1f(2)] <A+ Bz,

then f is a polynomial of degree at most k.

Example 3.18 (Dinh’s 70 problems). Let u be a real-valued harmonic function in the complex plane such
that
u(z) <allnlz||+5b

for all z, where a and b are positive constants. Prove that u is constant.

Solution. By Liouville’s theorem, since u is harmonic, it suffices to show that u is bounded. Let f(z) =
a|lnz|| + b. Then, by Cauchy’s integral formula,

1 InR
LI LN P £
27i Jylz=R (z—k)

2
IR — k||

' (k)] =

where we have considered ¥ to be the circle of radius R centred at the origin and naturally, the path is taken
to be positively-oriented. To establish the upper bound for |u’(k)|, the triangle inequality and reverse triangle

inequality are used. Now, note that
R [InR|+b

im R- =
Ree R = [K]]
which implies that |« (k)| = 0, or rather, (k) = 0. So, u(k) is a constant for all k € R. O

Theorem 3.17 (Gauss' mean value theorem). If f is analytic in D and ¢ € D, then

1 27 .
~ﬂ@:§;L Flou+re®) de.

Proof. By Cauchy’s integral formula, for a € D

_ 1 1@

= - dz.
2wi Jcz—a

f(a)
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Let C be a circle of radius r centred at a. Then, our parameterisation is z = a + re'® so dz/d6 = ire'®. Hence,

27 ret®
Fla) = 1 fla+re?)

T
= — . -ire’” do
27i Jo a-+re® —a

and the result follows with some simple cancellation. O

Theorem 3.18 (maximum modulus theorem for open balls). Suppose f(z) is analytic throughout a
neighbourhood |z —zp| < R of a point zo. If |f(z)| < |f(z0)| for each z in the neighbourhood, then f(z)

attains a constant value f(z) throughout the neighbourhood.

Theorem 3.19 (maximum modulus principle). If f is analytic in D and

|f(2)| <|f(z0)| forallz€ D then f(z) is a constant.

Example 3.19 (Dinh's 70 problems). Let f(z) = ao+ajz+ ...+ a,z" be a complex polynomial of degree

n > 0. Prove that .

n—1 2 — p2n
— dz = R".
o7 /Z_RZ [F@)I dz= a0,

Solution. Note that |f(z)|* = f(z) - f(z). Setting z = Re'®, the integral becomes
1 2 . . . . .
o R"e™® (ao +ajRe® + ... +anR”e’"9) (LTO—}—chRe_’e +... —{—CT,,R"e_’”G) do.
0
Since

2r .
/ e*® de =0 forall k0,
0

upon multiplying the polynomials ag + a1 Re’® + ... +a,R"e™"® and g +ajRe " + ... +a@,R"e~ "%, we wish to
extract the coefficient of e?_ So, the integral becomes
1
2mi
and the result follows. ]

21 . .
/ Rnemﬂaoa—ane—me de
0

Example 3.20 (Dinh's 70 problems). Suppose u(z) is harmonic on D(0,r), where r > 1. Prove that

/O 7 () cos? (%) dt = mu(0) + gu’(O) and /O (e sin? (%) dt = mu(0) — gu/(()),

where t/(0) = u,(0).
Solution. Let I and I, denote the two integrals respectively. We have
27 ) 2z .
L+bL= / u(e")dtand I, — I = / u(e")cost dt.
0 0
We parametrise each integral using z = e so dz/dt = ie". Also, recall that cost = (z+z") /2. So,

1
11+12=f/ u) dz = nu(0),
LJizl=1 2

where we used Cauchy’s integral formula. Also,

1 u(z) 1 u(z)
1_,:7./ ” +—d:—,/ ") g — il (0),
R T2 @) 2 T =1 22 ¢ ©
where we used Cauchy’s integral formula and the fact that u(z) is analytic on D(0,r) (since u(z) is harmonic
on D(0,r)). O
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Chapter 4

Further Properties of Holomorphic Functions

4.1
Properties of Holomorphic and Harmonic Functions

Example 4.1 (Dinh's 70 problems). Suppose f(z) is an odd function and holomorphic in C\ {0} and satisfies

F@)I < |2+ zforallz;éo

kd
Prove that

fz)= a;—i—alz forall z € C\ {0} wherea 1,a; € C.

Solution. Since f is holomorphic in C\ {0}, its Laurent series representation about z = 0 is

- Y ad
keZ
fis odd implies f(—z) = —f(z), so
flz)= —i———l— L faiztad+.
Note that for |z| < 1, we have |z2f(z)| < |z|* +1 < 2 and
sz(z) =...+ % ‘azta? +az’ + ...
so it forces a_3,a_s,...,as,a7,... = 0. The result follows. O
Here is an alternative solution.
Solution. Again, write

7) = Z arZ*.

keZ
By Cauchy’s estimate (Theorem 3.10), if | f(z)| < M, we have

So, for |z| <R, we have

1/1
|ak| Rk R2 +R .

a_ a_
flz)= 722 + 71 +ao+a1z+a2z2.
Using the fact that f is odd, the result follows. (I

Example 4.2. Let f(z) Z a,Z" be holomorphic in D(0,1) and assume that the integral

n=0
A= // dxdy < oo,
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(a) Express A in terms of the coefficients a,.
(b) Prove that

forall z € D(0,1).

Solution.
(a) Note that

— i I’l(ann_l
n=1

We shall parametrise z using polar coordinates. Let z = re’®. As such,

/ _ I/ZE n—1 i(n—1)8
//D(O’l)‘f (z)] dxdy—/ Znanr e

2 [=5) oo
_/ /7[ Zmnaman m+n—1 l(m+n 2)6 drd@
m=1n=
:271'/ an\an\zrznfl dr
0 =1
- 2
:nZn|an|
n=1

(b) Note that f(0) = 0 and the RHS can be written as

\/ () Erle
SR

where we applied the Cauchy-Schwarz inequality at the end. The result follows. 0

rdrd0

Starting with the LHS,

M

¥ o] =
n=1

~ Y a2
n=0

Example 4.3 (MA5217 AY24/25 Sem 1 Homework 1). Show that the function h(z) = sin(sinz) +sin|z|* is
not holomorphic in any domain of C.
Solution. Note that

et — e~z

sinzg = -
2i

We let z = x+iy,x,y € R and note that |z|> = x*> +y?. Hence,

iz —iz iz —iz
h(z) = sin <82l> cos <82i ) —cos (;) sin <82i ) + sin (\ZIZ)

By the Looman-Menchoff theorem, it suffices to prove that & does not satisfy the Cauchy-Riemann equations,

1.e.
Ju dv v Ju

Ezaiy and az—aiy

The computation is tedious so we skip the details. O
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Example 4.4 (MA5217 AY24/25 Sem 1 Homework 1). Find all holomorphic functions f(z) in C\ {1} such
that
Res(f,1) =1, lim(f(z)~2) =2, limlz—1[*3f(z) =0.
—

Z—ro0

Solution. We claim that

flz)=z+2+ z—ll

By the second condition, we infer that

oo

f(2)=z+2+ Z

n=1

(az+b)""

By the third condition, we infer that

©
lim(z—1)*?*Yy —— =0
im (z—1) ; (az+b)"

z—1

which implies we have to restrict the index of the infinite sum to n = 1 instead of ninN. Hence,

f2)=z+2+

az+b’

We see that 1/(az+ b) has a simple pole at z = —b/a but the first condition implies that z =1 is a pole, so
a = —b. Since the value of the residue at z =11is 1, thena = 1, so
1
f@) =242+ —.
z—1
]

Example 4.5. Let f and g be entire functions and suppose that |f(z)| < |g(z)| for all z € C. Show that f(z) =

cg(z) for some constant ¢ € C.

Solution. First, we assume that g is identically equal to zero. Then, the result immediately follows. Now, we
consider the case where g is not identically equal to zero. Define h(z) = f(z)/g(z) on C excluding the set of
zeros of g. As such, & is holomorphic outside the zeros of g and |h(z)| < 1. As & is bounded and entire, the

result follows by Liouville’s theorem. U

Example 4.6 (Dinh's 70 problems). Suppose f is entire and f(z) is real iff z is real. Prove that f has at most

one zero.

Solution. Suppose f(z) = 0, then it implies that z is real. Suppose on the contrary that f has a zero xo € R with

a multiplicity m > 2. Then, we can write f(z) as the following power series:
f(z) = (z—x0)" (a0 +ai1(z—xo0) +az(z —x0)2 +...)

Here, ag # 0. Note that
ay = lim -1
z=x0 (2 —x0)™

f(z)

so for any z € R\ {xo}, we have — € R. Hence, ag € R. Now, write z = xo + €e'%, so we are considering
Z— X0

the general case when z € C. It is clear that

f(z) =€"e"(ap+aree”® + are?e™® +..).
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Define g(0) = Im(e™(ap + €u(0,€) + iev(0,¢€))), where u,v are real and continuous functions and € is
sufficiently small. Note that g(7/2m)g(37/2m) < 0 so by the intermediate value theorem, there exists 6’ €
(m/2m,37/2m) such that g(6y) = 0. So, f(xo + €e'®) € R. But because m > 2, it implies that xo + €¢'% ¢ R,
so we reached a contradiction. The result follows. |

Example 4.7. Let f be a holomorphic function in the unit disc D such that |f(z)| < 1 for z € D. Show that
|f”(0)| < 2. Give an example of such a map with f”(0) = 2.

Solution. We use Cauchy’s Differentiation Formula. Note that

o)== [ 18 4

2wi Jo 7B

Here, we let C be such that |z| = r, where r < 1 (i.e. C contains all points interior to the circle of radius 1 centred

at the origin). Using the parametrisation z = re’® for 0 < 6 < 27, we see that

7 f(re)

13310

1
O < —

7T |Jo r?

-ire'® de‘ < L

n i0 2
do| < —.
[ re)ae| <
Hence, letting r tend to 1, the result follows.

For the later part of the question, we need to find a map such that f”(0) = 2. Well, consider

f(z)

e = dz =2mi

for which an obvious answer is f(z) = z%. O

Example 4.8 (Dinh's 70 problems). Determine all complex holomorphic functions f defined on the unit disk
1 1
() G)-
n n

Solution. Let g(z) = f"(z) + f(z), so g is holomorphic on D. We have g(1/n) = 0 for all n =2,3,4,... and
since hm 1/n=0¢€ D, it follows that g(z) =0 on D. As such, f(z) = —f”(z) on z € D. One can use Maclaurin
Series. to ' dedcue that f(z) = f(0)cosz+ f'(0)sinz. O

which satisfy

forn=2,3,4,...

Theorem 4.1 (Casorati-Weierstrass theorem). Let f have an isolated essential singularity at zo. Then,
for any w € C, f(z) comes arbitrarily close to w in every deleted neighbourhood of zy. That is, for any
6 >0, f(D'(z0,0)) is a dense subset of C.

Proof. Suppose on the contrary that for some & > 0, f(D'(z0,8)) is not dense in C. Then, there exists w € C
and € > 0 such that
D(w,€)N f(D'(z0,0)) = 2.

For z € D'(z9, 8), write

Then, g is bounded and holomorphic on D’(zy, §), so g has a removable singularity at zo. Let m be the order of
the zero of g at zo. If g(z0) # 0, set m = 0. Otherwise, write g(z) = (z—z0)"g1(z), where g; is holomorphic and
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does not vanish on D(zp, §). Hence,

" _ 1
(Z_ZO) gl()_f(Z)—W
Thus, we can write f(z) as
_ 82(2)
f(Z) =w+ (Z_Zo)mv

where g»(z) = 1/g1(z) is a holomorphic function on D(z9, ). Thus, f has a removable singularity (m = 0) or a
pole (m # 0) at zg, which is a contradiction. L]

Definition 4.1. A meromorphic function in D is holomorphic on all D, except on a set of isolated points
which are poles. Also, they can be written in the form f = u/v, where u,v € H(D) and v # 0, and they

do not have a common zero.

4.2
The Argument Principle and Rouché’s Theorem

Theorem 4.2 (argument principle). Let f € H(Q) and Y be a positively oriented, piecewise differen-
tiable, simple closed contour in Q such that all points interior to ¥ belong to Q. Suppose f has no zero

on Y. The zeros of f inside y are ay,as,...,a, and Q;, 0, ..., o, are their respective multiplicites. Then,

s 1 rf(2)
j:ZlOtj— 27ri/yf(z) dz.

Example 4.9 (Dinh's 70 problems). Evaluate the integral

@)
e o)

Sinzcosz

where f(z) = ————
f2) 77—+ —z2

, and |z| = 2 is positively oriented.

Solution. We use the argument principle. The answer is 27i(Z — P), where Z and P are to be determined. Here,
Z and P refer to the respective number of zeros and poles in the circle |z| = 2. To calculate Z, set sinzcosz =0,
soz=—m/2,0,7/2. Hence, Z = 3. To calculate P, set z’ —2° +z° —z =10, 50 z(z* +1)(z+ 1)(z— 1) = 0. The
solutions to z* + 1 = 0 are z = /4 ¢~ 1®/* ¢3i%/4 ¢=31m/4 Agsuch, P =7, so the required answer is —87i. [J

Theorem 4.3 (Rouché's theorem). Let f,g € H(Q) and Y be a piecewise differentiable simple closed

curve such that all the points interior to y are contained in €. Assume that

1f(2) —&(2)] <1f(2)]

for all z € y. Then, f and g have the same number of zeros (counting multiplicity) inside 7.
Example 4.10 (Dinh's 70 problems). Determine the number of zeros of &’ —3z% in the unit disk.

Solution. For |z| = 1 (i.e. on the boundary of the unit disk), & < e <3 =3|z* so it follows by Rouché’s
y y

theorem that there are 4 zeros. O
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Example 4.11 (Dinh’s 70 problems). Let Ny be the number of roots (counting multiplicity) in the disk
D(0,k) = {|z| < k} of the equation
£ —524+10=0.

For each positive integer k, determine Nj.

Solution. Ny = 0; now consider the case when k > 2. On |z| = 2, |5z> — 10| < 5|z|? + 10 = 30 < 2% = [£]%, so
by Rouché’s’s theorem, N, = 6 for k > 2. O

Example 4.12. Let r > 0. Prove that for n sufficiently large, the polynomial

2 n

Z Z
14—2%‘§E—F...+'ET

has no root in D(0,r).

Solution. Fix an r > 0. Define f(z) = ¢° and g,(z) to be the polynomial above. For z on D(0,r), i.e. |z| =r,

& *
L gL

k>n+1"" k>n+1

1f(z) = gn(2)| =

We note that as n — oo, the sum on the right tends to zero. For n large enough, the last sum on the right is
r

smaller than e~". On the other hand, by setting z = x + iy, where x,y € C, we see that |f(z)| = ¢ > e [ ="
Therefore, for z on D(0,r), we have

f(2)—en@)] <[f(2)]-

By Rouché’s theorem, f and g, have the same number of zeros inside D(0, r). However, f vanishes nowhere so

we can conclude that g, does not vanish in D(0, r). O

Example 4.13. Find the number of zeros (counting multiplicity) of the function z°> + 67> + 11 in the annulus
2 <zl < 3.

Solution. Let f(z) =2z>+6z>+11. Onthe circle |z| =3, [f(z) —2°| = 62> + 11| < 6|z3| + 11 =173 < 243 = ||
so by Rouché’s theorem, the number of zeros of f(z) in the region 0 < |z| < 3 is equal to that of z°, which is 5.

On the circle |z| = 2, we have |f(z) —62°| = |22+ 11] < 25+ 11 = 43 < 48 = |62%| so the number of zeros
of f(z) in the region 0 < |z| < 2 is equal to that of 6z°, which is 3. Therefore, f has exactly 5 —3 = 2 zeros in
the annulus 2 < |z] < 3. O

Example 4.14 (Dinh's 70 problems).
(a) For each integer n > 1, find the number of zeros (counting multiplicity) in the disk D(0,n) of the
polynomial 7 +5z° —z—2.
(b) Prove that the function u(x,y) = sinhxsiny is harmonic and find its harmonic conjugates.
Solution.
(a) Let N, be the number of zeros. We first show that N; = 3. Note that on |z| = 1, we have
177 +52 —z-2-52| =7 —z-2| < 2| + |z +2=4 < 5=5]z.

By Rouché’s’s theorem, N; = 3.

For n > 2, we show that N, = 7. Note that on the boundary |z| = n, we have
7/ +52 —z-2-7| <5l + 7| +2 =5 +n+2<n =g

£9,°

The result follows by Rouché’s’s theorem.
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(b) Trivial. Show that u satisfies Laplace’s equation, then to find its harmonic conjugates, use the Cauchy-

Riemann equations. O

Example 4.15. Letay,...,a, € D(0,1) and

n a;—7

flz)=

i L - @
Prove that for each b € D(0, 1), f(z) = b has exactly n roots in D(0, 1), counting multiplicity.
Solution. For |z] = 1, we have Z = 1/z. Hence,

_m—d a—z]
/2@l [zl

ar—z
1 —az

1.

We infer that for |z| = 1, |f(z)| = 1. We deduce that for b € D(0, 1),

[(f(2) =b) = f(D)| = |b| < 1= |£(2)].

By Rouché’s theorem, f(z) — b and f(z) have the same number of zeros in D(0, 1). The roots of f(z) =0 are

ai,...,a, (so there are n roots), as such, the result follows. U
Example 4.16 (Dinh's 70 problems). Show that if the integer n is sufficiently large, the equation
Ve n
-1+()
z + >
has exactly one solution in the disk |z| < 2.

Solution. Let
Z n
fn(Z)_Z_1_<§) and f(z)=z—-1.

For arbitrary € > 0, consider the boundary of C (0,2 — €), we have
no (2—¢e\"
2 2

|f(z)]=1]z—1|>|z]—1=1—¢ Dby the reverse triangle inequality.

Z

@)= f@I=|5

Also,

By Rouché’s’s theorem, we need | f, — f| < | f

,1.e.

8 n
1——) <l-—e.
(1-3) <

In(1— 1
nzM wheren € Nand 0 < e < —.
In(1-¢/2) 2

The number of zeros of f, in D (0,2 —¢€) is 1. Letting € — 0, the result follows. u

So, we choose

Theorem 4.4 (Hurwitz's theorem). Let f, : Q@ — C, where n € N, be a sequence of holomorphic
functions that converges locally uniformly to a function f : Q — C. Let 7 be a piecewise differentiable,
simple closed contour in € such that all points interior to Y are contained in Q. Assume that f has no

zero on Y. Then,

there exists N € N such that foralln > N f, and f have the same number of zeros inside }.
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Example 4.17. Assume that f is holomorphic in a neighbourhood of D(0,1) and that f’(z) has no zero on
dD(0,1). Prove that for n sufficiently large,

1
A =1 (1) -1
has the same number of zeros in D(0, 1) as f'(z).

Solution. We consider the function g,(z) = nF,(z). Note that

gn(z) =n [f <z+,11> —f(Z)} :

1/n) —
lim g,(2) = lim . (e + 1//> )

SO

~ 1(2).

By the Fundamental Theorem of Calculus,

8n(2) = f(z+11/7]i—f(z) Z/Olf’ <z+£> dt.

Hence, g, converges locally and uniformly in a neighbourhood to f’. By Hurwitz’s Theorem, g, has the same

number of zeros as f’ in D(0, 1) when n is sufficiently large. Therefore, F, satisfies the same property. O

4.3
Open Mapping Theorem and the Maximum Modulus Principle

Theorem 4.5 (open mapping theorem). Let Q C C be a connected open set and let f: Q — C be a

holomorphic function on Q. If f is non-constant, then f () C C is an open set.

Theorem 4.6 (maximum modulus principle). Let Q C C be an open set and let f: Q — C be a
holomorphic function on Q. Suppose there exists a point a € G and an open neighbourhood D C Q of a
such that

|f (a)| > suID) |f (w)|, 1ie.|f(z)| attains a local maximum at a € G.
we

Then, f is constant on the connected component of a in Q.

Proof. We choose R > 0 such that B (a,R) C D. First, we show that | f| is constant of value |f (a)| on B(a,R).

For any 0 < r < R, we have B (a,r) C B(a,R) so by Cauchy’s integral formula, we have

fla)= ! /C(ar)f(W) dw l/oznf(aJrrei’) dt

T 2mi w—a' 2z

where we parametrised using ¥ (¢) = a + re” on the circle C (a,r). Hence,

1 27 1 o -
on @l =17 @] <5 [ f (asre)] ai.

That is,
1

2r .
5m | @I f (atret)| an <.

By the hypothesis that | f (a)| > sup|f (w)| over all w € D, we have

\f(a)\—‘f(a—i—re”)‘ > 0.
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As such, for all 0 < < 2x, we must have ‘f (a+re') ’ =|f (a)| and this holds for all 0 < r < R.

We then deduce that f is constant on B(a,R). It is a known fact that if Q C C is a connected open set and
f:Q — Cis a holomorphic function on €, if

|f] is constanton Q then f is also constant on Q.

By applying the identity theorem to f (z) — f (a), we conclude that f is constant of value f (@) on the connected

component of a in Q. O

Example 4.18. Suppose f is holomorphic on a neighbourhood of the unit disc and satisfies f(0) = 3 4 4i and
£ (z)| <5if |z| = 1. Find £’ (0).

Solution. We prove that f is constant. Suppose on the contrary that f is not constant, then by the maximum
modulus principle,

5=1(0) <1ﬂ3>1<!f(Z)I <5.

This is a contradiction, so f' (0) = 0. O

Example 4.19. Let f be a continuous function on A = {1 < |z| < 4} and holomorphic on A = {1 < |z] < 4}.
Assume that

max|f(z)| = 5 and max|f(z)| = 20.
|z]=1 |z|=4

(i) Show that |f(2)| < 10.
(ii) Find all functions f such that f(2) = 10.

Solution.
(i) Define g(z) = f(z)/z. Then,

max|g(z)| = max|g(z)| =5.
|z]=1 |z|=4

By the maximum modulus principle, |g(z)| < 5 for z € A. Setting z = 2, we have f(2) < 10.
(ii) g(2) =5. By the maximum modulus principle, g is a constant, so g(z) = 5. Hence, f(z) = 5z. O

Corollary 4.1 (maximum modulus principle for bounded regions). Let Q C C be a bounded open set
and let f: Q — C be a continuous function on Q which is holomorphic on Q. Then, for all z € Q,

[f ()] < sup [ f (w)].

weQ

Equivalently, the maximum modulus of f is always attained on the boundary dQ of Q.

Proof. Since Q is bounded, then Q is compact so | f| : Q — R attains its maximum value on Q, i.e. there exists
a € Q such that

|f (a)| = sup|f (z)]-

7€Q
If a € dQ, then we are done. Otherwise, there exists R > 0 such that D = B (a,R) C Q and so

[f (a)| = sglg\f(W)

Define Qg to be the connected component of Q containing a. By the maximum modulus principle, f is constant
of value f(a) on Qg and dQ D QM IQ. The result follows. O

We obtain the next corollary on the minimum modulus principle by switching to the reciprocal 1/f(z).
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Corollary 4.2 (minimum modulus principle). Let Q C C be a bounded open set and let f: Q — Cbe a

continuous function on & which is holomorphic on Q. If f does not have a zero in Q, then for all z € Q,
£ (2)] > inf |f(w)].
weQ
Hence, if there exists a € Q such that
|f (@)| < inf |f (w)],
weQ

then f has a zero in Q.

Example 4.20. Suppose f is holomorphic on a neighbourhood of D(0, 1), f(0) =i and |f(z)| > 1 whenever
|z] = 1. Prove that f has a zero in D(0, 1).

Solution. Suppose on the contrary that f does not have a zero in D(0,1). Then, g(z) = 1/f(z) would be

holomorphic in a neighbourhood D(0,1). Moreover, we have |g(0)| = 1 and |g(z)| < 1 when |z| = 1. This

contradicts the maximum modulus principle. (Il

Theorem 4.7 (maximum and minimum principle for harmonic functions). Let Q be a domain in C
and u be a real-valued harmonic in Q.
(i) If u has either a local maximum or a local minimum at some point of €, then « is a constant on Q.
(i) If Q is bounded and f is continuous up to the boundary of Q, then

maxu (z) = maxu(z) and minu (z) = minu(z).
7EQ z€bQ 7€Q 7EbQ

Example 4.21. Find the maximal value of Re(z?) for z € [0, 1] x [0, 1].

Solution. Note that Re(z?) is harmonic as it is the real part of a holomorphic function. Hence, it achieves its
maximal value on the boundary of the unit square. Throughout this problem, a € R and a € [0, 1].

* Case 1 (bottom edge of square): 7 = a. Then, Re(z*) = a*, whose maximum is 1.

* Case 2 (top edge of square): 7 = a+i. Then, Re(z}) = @® — 3a. The maximum here is 0.

* Case 3 (left edge of square): z = ai. Then, Re(z}) = 0.

* Case 4 (right edge of square): 7 = 1 4 ai. Then, Re(z*) = 1 — 3a?. The maximum here is 1.

Overall, the maximum value is 1 which is achieved when z = 1. |

Example 4.22 (Dinh's 70 problems). Leta € C,

a| < 1, and consider the polynomial

a a
P(z)==+(1—|a>)z— =2
@)=+l 2
Prove that |P(z)| < 1 whenever |z| < 1.

Solution. Note that zZ =1 on |z| = 1. Consider

P(z) a az
z 2z 2

We have
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Let A =a/z € C. Then, A — 1 = 2iIm(1), so

2% - % —ilm (Z) = ilm(aZ).

Hence,
P
’(Z) < iIm(aZ)—i—l—]a\z’
Z
P(2)] < |itm(az) +1 - yaﬂ since |z| < 1

P < |m(az) P + (1~ |a\2>2

We bluntly state that |Im(az)|*> < |a|?, so |P(z)|* < 1—|a|> + |a|* < 1 since |a| < 1. By the maximum modulus
principle, whenever |z| < 1, we have |P(z)| < 1.

Now, we justify that | Im(az)|* < |a|*>. Letz =x+iyand a = a+if3, where x,y, &, B € R such that x> +y*> < 1 and
a®+B? < 1. We have az = (a +iB)(x —iy) = ox — By +i(Bx — ay) so Im(az) = Bx — ay. It suffices to prove
that (Bx — ay)? < o® + B2. In other words, ot*(1 —y*) + B2(1 —x?) +2atBxy > 0. Let x = cos 6 and y = sin @
s0 o2 sin? 6 4 B2 cos® @ + 2a B cos Bsin @ > 0. This inequality is obviously true since (asin 6 + B cos6)? > 0,
or equivalently (ory + Bx)% > 0. O

We then introduce the Schwarz-Pick lemma (Lemma 4.1), which is also known as the Schwarz lemma.

Lemma 4.1 (Schwarz-Pick Lemma). Let f : D — C be a holomorphic function on D with f (D) C D,
f(0)=0and |f(z)| <1 for each z € D. Then,

forallzeD |f(z)| < lz| and |f'(0)| < 1.

Moreover, if there exists z € D\ {0} such that | f (z)| = |z or if |f' (0)] = 1, then there exists ¢ € C with
lc| = 1 such that for all z € D, f (z) = cz.

In the equality case of Schwarz’s lemma (Lemma 4.1), one can also interpret it as follows: if f: D — D is
a holomorphic function which fixes the origin, then either f is a rotation i.e. there exists a constant 8 € R such
that f (z) = e®z for all z € D, or f is strictly contracting towards 0 on D\ {0}.

We now prove Schwarz’s lemma.

Proof. Consider the function

g:D—C where g(z)= f(2)/z ifz#0;

F(0)  ifz=0.
This function is holomorphic on D\ {0}, and by the definition of the derivative f’ (0), we have

limw :limf(z)_f(o)_zf/(o)

=0.
z—0 z—0 7—0 72

Hence, g is holomorphic at z = 0 as well, and one has for all z € D, f(z) = zg (z).

Let z € D be arbitrary. Choose r > 0 such that |z| < r < 1. By the maximum modulus principle on the bounded
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region B (0,r) C D (Corollary 4.1), it follows that

1 1
g(@)| < sup [g(w)|=— sup [f(w)]<-.
weC(0,r) T wec(o,r) r

Letting r — 17, we obtain the inequality |g(z)| < 1. COMPLETE PROOF OF RESULT. O

Example 4.23 (Dinh's 70 problems). Does there exist a holomorphic function f : D — D with f(1/2) =3/4
and f'(1/2) =2/3?

Solution. Yes, this is simply proven using the Schwarz-Pick lemma since f/(1/2) <7/12 <2/3. O

Example 4.24 (Dinh's 70 problems). Let f be a holomorphic function from the unit disk D(0, 1) to itself.
Assume that there is a point zo € D(0, 1) such that f(z9) = zo. Prove that |f"(z)| < 1.

Solution. We use the Schwarz-Pick Lemma, which says that for a,b € D, a holomorphic function f: D — D

1—|b]?
satisfies f(a) = b and |f’(a) Sl : 5
—|a

So, we set a = b = zg. The result follows. O

Example 4.25. Is there a holomorphic function of D(0, 1) onto itself such that f(0) = 0 and f(i/4) =i/3?
Justify.

Solution. We will show that there is no such function. Suppose on the contrary that there exist such a function.
By the Schwarz Lemma, as |f(z)| < |z| for z € D, we have |f(i/4)| < |i/4| = 1/4, which is a contradiction. [J

4.4
Winding Numbers

Definition 4.2 (winding number). Let y: [a,b] — C\ {z0} be a closed curve that does not pass through

20- Given an argument 6, for y(a) — zo,
there exists a unique continuous function 0 : [a,b] — R

such that for each ¢ € [a,b], 6(¢) is an argument of ¥(¢) — zo and such that 6 (a) = 6,. Define

6(b) — 6(a)

o to be the winding number of ¥ around zg.

I’l(’}/,ZQ) =

Sometimes, we also refer it to the index of zp with respect to .
Theorem 4.8. n(y,z0) €Z
Theorem 4.9. Let y be a closed contour piecewise differentiable and zg € y. Then,

1 1
n(y, ZO) = /Y dZ-

27i Jyz2— 20

Corollary 4.3. Let f be holomorphic on an open set  containing ¥ and zp € f(¥). Then,

_ f'(z)
n(foy,z) = 27ri/yf(z) — dz.
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Example 4.26 (Dinh's 70 problems). Let C be the unit circle |z| = 1, anti-clockwise oriented, and let f(z) =

z>. How many times does the curve f(C) wind around the origin? Explain.

Solution. We have 1 f’( ) 1 3
Z
I’l(fo ) ) 27Ti/6‘ f(Z) < 2mi Jc z ¢

]

Example 4.27 (Dinh's 70 problems). Let C be the unit circle |z| = 1, anti-clockwise oriented, and let f(z) =

(22 + 2) /z>. How many times does the curve f(C) wind around the origin? Explain.

Solution. We have

1 /@) 1 2 +6
n OC,Oz—,/ dz:——,/idz.
(f ) 2ni Je f(2) 2mi Je z2(z2+2)
The residue at z = 0 is 3, so by Cauchy’s residue theorem, the answer is —3. (I

Theorem 4.10 (generalised Cauchy's integral formula). Suppose f is a holomorphic function in a
simply connected domain Q. Then for any piecewise differentiable closed contour yin Q, if a & v,

n(r,9f@) = [ L& 4

- 27 y<i—a

Theorem 4.11 (generalised residue theorem). Let Q be a simply connected domain in C. Suppose f
is holomorphic outside a finite number of points z;,...,zy in Q. Then, for any piecewise differentiable

closed contour 7 in Q which does not pass through z1, ..., zy,

N
/y (@) dz =21 Y n(y,z) Res(f, ).

k=1
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5.1
Laurent Series

Definition 5.1 (annulus). Define
Ann={z€C|R; <|z] <Ry}

to be the shaded region as follows:

Theorem 5.1 (Laurent expansion). If f is analytic in the annulus
Ann={z€C|R; < |z| <Ry},

then it has a Laurent expansion

L /@
f(2) zréanz" where a, = el M dz.

Here, C is a circle of radius R centred at the origin with R < R < R,.

Example 5.1.

(a) Consider the function
5z—3

(z+1)(z—3)
Find the Laurent series of f(z) for the annular domain 1 < |z| < 3.

f(2)=

(b) Find the value of the contour integral

/ 5z—3 J
=5 4%,
c2(z+1)(z—3)

where C denotes the circle |z| = 2 oriented in the anticlockwise direction.

(¢) Find the Laurent series of the function
1026 — 624

(241)(z2-3)
in the annular domain 1 < |z] < v/3.

Solution.
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(a) We see that

52-3 2 3

(z+1)(z—3)_z+1+z—3
21 1
Tz 141/z 1-2/3

ey

—2 3 CH-T (5

<

We note that the first summation is valid for |1/z| < 1 while the second summation is valid for |z/3| < 1.
(b) We see that the contour integral is equivalent to

flz) . . 1\ 2w
L dz =2mi ) T

(¢) Let us make a comparison. Perhaps we can consider f(z?). Note that

5223

&)= @rne-a

Hence, it is clear that the function in (¢) is 2z*f(z?). Recall that the Laurent series of f in the annulus
1 <|z] <3is

so the required answer is

4 > (_1)” 4 had Z2 n B oo (_1)n oo Z2n+4
4z Z 2n+2 2z Z() <3 =4 Z n—2 2 3n
n=

—0 < n=0 < n=0

n=|
in the annular domain 1 < |z] < v/3. O
Example 5.2. Suppose f(z) is entire and | f(z)| > 1 when |z| > 1. Prove that f(z) is a polynomial.

Solution. Since f is entire, then in the closed unit disk, it has a finite number of zeros. Say the zeros are

Zly- -5 Zm- S0, WE can write
f(@)=(z—z1)...(z—zm)8(2) = p(2)8(2),

where g is entire with no zeros and p(z) is a polynomial of degree m. It suffices to show that g is a constant. Let

h(z) = 1/g(z) so we shall write 4 as the following Laurent series:

3 1
h(z) = Z anZn where a,, = 7/ ]’l(Z) d
n=0

27i Jy 2+

Here, we let 7 be |z| = R, i.e. the circle of radius R centred at the origin. Letting z = Re®, the contour integral

becomes . .
27 iRe®h (Re'®)
———— d6.
o Rntlei(n+1)0
Leth (Reie) < kR™ so it is clear that for all n > m,
n
lim |a,| < lim =0.

R—so0 R—o R"

As such, h(z) is a constant, and g(z) is a constant. O
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Chapter 6
Residue Theory

6.1
Introduction

We adopt an alternative representation for the annulus Ann(zg, Ry, R»), so if f(z) is analytic in this annulus,

Z an - ZO Z
where

R R0 R O
_27ti/c(s—zo)”+1 ds and b, 27TI/C(S—Zo) g ds

and C is any positively oriented simple closed contour around z lying inside Ann(zg,R1,R»).

Definition 6.1 (principal part of Laurent series). The sum

oo

Z is the principal part of £ (z) at zo.
n=1 Z ZO

Theorem 6.1 (removable singularity). If b, =0 for all n € N, then z is a point of removable singularity
of f(z). Thus, the Laurent series of f(z) is

=Y an(z—20)" where 0 < |z—zo| <R.

Example 6.1. The singular point z = 0 of sinz/z is a removable singularity. We have

%_li (=1)" W+l | _ z+i
z it )IC T 315

where 0 < |z| < oo. This asserts that our claim is true.

Example 6.2 (Dinh's 70 problems). Let f(z) be holomorphic in C\ {0} and suppose that
/ 7'f(z) dz=0 forany n € Z>o.
/=1 -
Show that f has a removable singularity at z = 0.

Solution. f has a Laurent series representation around z = 0. Write
=Y, arzk

so the integral becomes

/II lz" Z ax? dz=0
Z:

k=—c

Z / @ Fdz=0
k=—oo [2]=1
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since that the series converges uniformly on compact sets away from the singularity. Note that
/ Fdz=0 forallk+—1.
|z|=1

As such, n+k = —1. Since n > 0, it forces the inequality k < —1, which implies that g, = 0 for all k < —1, i.e.

Z / ax? " dz=0.
k=17 I=1
It is clear that a_; = 0. With all coefficients of negative powers being zero, it shows that f(z) has a removable

singularity at z = 0. O

Definition 6.2 (essential singularity). If b, # O for infinitely many n, then zy is a point of essential
singularity of f(z). In this case, some of the b,,’s may be zero.

Example 6.3. The point z = 0 of exp(1/z) is an essential singularity as

! y L el sy
exp| — | = = —
p p L Z 5% 37

where 0 < |z] < oo,

Definition 6.3 (pole). If there exists m € N such that b, # 0 but b, = 0 for all n > m so that

m

Zanz 20)" Z

,ZZO

then 7 is a pole of order m of f(z). If m = 1, z¢ is a simple pole of f(z); if m = 2, zg is a double pole of

f(@).
Example 6.4. Consider the point z =1 of

) =——">+2
We can rewrite it as

1

f@zm

+1+(z—1)

Hence, z =1 is a double pole.

Example 6.5 (MA5217 AY24/25 Sem 1 Homework 1). Find all the singularities in C of the following
function f(z) and their types where
243242 R

72(4—1)
Solution. Consider the term z* — 1 in the denominator of f(z). Then, z* — 1 = (22 + 1)(z> — 1) = (2 + 1)(z +
1)(z—1). Also, the numerator can be factorised as (z+2)(z+ 1). Also, consider

PR T B B
Z :Z<Z2> - g—Zzann.

n=0

flz)=

So, f(z) has simple poles at z =1,z = i,z = —i, a removable singularity at z = —1, and an essential singularity
atz=0. [l
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Theorem 6.2 (residue theorem). Let C be a positively oriented simple closed contour within and on
which a function f is analytic except for a finite number of singular points z;, 22, ..., 2, interior to C. Let
Res(f,ax) denote the residue of f at a, for all 1 <k < n. Then,

/f(z) dz =2mi Zn: Res(f,ay).
¢ k=1

Theorem 6.3. If f is analytic everywhere on the finite plane except for a finite number of singular

points interior to a positively oriented simple closed contour C, then

/Cf(z) dz = 2miRes <lef C) ,o> ,

Example 6.6 (Dinh's 70 problems). Evaluate the integral

/ e dz.
c+(02)

Solution. Letw = 1/z 50 dw/dz = —w?. The integral becomes

/ o dw
e - —=.
C+(0,1/2) w?

Let f(w) = e". By the residue theorem,

/ fw) dw = 2miRes(f(w),0) = 2mie
c+(0,1/2)

w2

and we are done. O

6.2
Residue Computation Methods

There are three methods for computing residues.

Theorem 6.4 (method 1). Suppose for z near 7y, f(z) can be written as

flz)= 9

72—20

where @ (z) is analytic at zp and f has a simple pole or a removable singularity at zo. Then,

Resf(z) = ¢(zo).

=20

Proof. Since ¢ (z) is analytic at zo, then by Taylor’s theorem, for z near zo,

0(z) =0 (z0) +0'(z0)(z—20) + ...
so the Laurent series of f(z) at zg is

fo— 9 9GO 9G0) |y

Z—20 Z—20 Z—20

and the result follows. O
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Theorem 6.5 (method 2). Suppose for z near zo, f(z) can be written as

_ @)
f(Z) - (Z_ZO)”“
where @ (z) is analytic at zo and m > 1. Then,
01"V (z0)
Res/(d) =z

Proof. 1t is inferred that f has a pole of order less than or equal to m or a removable point of singularity at zg.
Observe that when m = 1, it is just method 1 (recall Theorem 6.4). Using Taylor’s theorem again, the series

expansion of ¢ (z) is the same as before. That is,

¢(z) = ¢(z0) + ' (z0)(z—20) + ...

s0
fo =2,
_ (z—lzo)’" ¢(ZO)+...+W(Z—ZO)mI+---
_ (jb(i(());m—f—...-i- ¢((:1_])1(§(!’) 'zlm ¥
The result follows. O

Theorem 6.6 (method 3). If p(z) and g(z) are analytic at zo and g(z) has a simple zero at zo (i.e.

q(z0) =0 but ¢'(z0) #0), then
Res& = p(z0)
=0q(z)  q'(z0)

I Theorem 6.7 (method 4). If all the above methods fail, use the Laurent series of f(z) and read b;.

Example 6.7. For the following function f(z), find all of its singularities in C, their types and residues at
these points:

B Z+1

RSN

f(2)

Solution. The singularities of f(z) are the zeros of the denominator z% 4 1, that is the 6 points

it kmi
Tk = €Xp g—i_T y

where 0 < k < 5. These points are simple zeros of 224+1=0. The points z; = i and z4 = —i are the roots of
the equation 7>+ 1 = 0 (refer to the numerator). Thus, z;, z4 are removable and zg, z2, 23, z5 are simple poles of f.

So, the residues of f at z1,z4 are 0, whereas the residue of f at z; for k =0,2,3,5 is equal to (z,% + 1)/6z,§. O

Example 6.8 (classic result). Prove that

/°° COSX d b3
x=—.
Cw X241 e



MA3211 MA3211S MA4247 MA5217 COMPLEX ANALYSIS Page 67 of 95

Solution. We consider '
e’
) =5

so the integral Re(f(z)) over the real numbers is the required answer. Let C be the path C; + C,, where C; and
C, are parametrised as follows:

Ci(t) =t, wheret € [—r,71]

Cy(t) =re', where t € [0, 7]

y.

G

By Cauchy’s residue theorem,
1
R = — dz.
) Res(f(2)) 2m./cf(Z) 2

Only one of the two poles of f(z), z= 1, is inside C as we are considering the upper half of the circle centred at

eiz eiz
Z dZ:/ dz+/ dz.
/cf() az2+1 o 2+1

For the integral over Cj, applying the parametrisation,

e rooelt " cost T sint
d :/ dt:/ dr / dr.
/clzz—l-l S e S R e

Since sint is an odd function, then the integral of sin/(t> + 1) is zero. Hence,

et " cost
dz = — dt.
/clzz—H ¢ /_rt2+1

As for the integral over C,, applying the parametrisation,

e wexp (ire") .
LZZ2+1dZ:/O m'lrel dt.

the origin. We have

By applying Euler’s Formula,

b il 7 ,i(t+rcost) ,—rsint
/ e);p.gi).ire” dt:ir/ %dr
0o reet 41 0 reetdt +1

/77: exp (l-reit) B /77; efrsint U
0 ")y e 11|

r2€i2t+1
r T :
< e—rsmt dl
—r2-1 /0

-ire' dt

Let the radius r of the semicircle tend to infinity so it is then clear that

eiz
dz=0.
/czz2+1 ¢
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Therefore, by Cauchy’s residue theorem (rearrange the equation at the start of our solution),

 cost e"2 T
dt =2mwi- — = —.
/_w 211 AT

Example 6.9 (branch cut). Prove that

A
————dx=n(V3-V2).
0 2 rsxt6 (V3-v2)
Solution. Note that 0 is a branch point of /z. So, 1/z has a branch cut along the positive real axis, i.e. [0,00).
Hence, /7 is analytic on C\ [0,0). We adopt the following keyhole contour.

y.

X
€ r

One should think of the above contour as having € so small that C; and C;, are essentially on the x-, or rather,

real axis. Let the region the contour encloses be D. Then, we shall consider the integral over the boundary (this

is denoted by dD). That is,
/ L dz
op 2 +5z+6

Vz
27245

By Cauchy’s residue theorem,

vz | vz
V2 g2
/(9022+5z+6 L= 2z+5|,

] =27 (V3-v2).

z=—2

We now evaluate the contour integral by considering the different pieces.

dz= +/ /
oD 72 —|—5z+6 / /cg a Jo
X
= - 42 X4
/, /EJr /ex2+5x+6 g

\/;
/C,f(z) dz r2—5r—=6

which tends to 0 as r tends to infinity. In a similar fashion, one can prove that

VE

6—5¢—¢?

By the estimation lemma,

<27mr-

<2me-

f(z) dz
Ce

which tends to O too as € tends to 0. As such,

2”(f \[ _2/ x2+5x+6

and the result follows. O
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Example 6.10 (pizza contour). Prove that for n > 2,
< 1 b
dx = .
/0 a1 nsin (717)
n
Solution. Let |
f(z) = 7

and the required integral to be I. Consider the following parametrisation (informally known as the pizza
contour):

Ci(t) :==t, where 0 <t <R

(@ |z] = R (note that the angle subtended by the arc does not matter)

2mi
Cs(t) ;== (R—t)exp <l> , where 0 <t <R
n

y.

&)

b\/
=
=

By defining C to be the contour, it is clear that

1
dz:/ + .
/cz"+1 a Jo

(&

Only the pole z = ¢/ is in C so by the residue theorem,

1 . 2mi in
/cz"—l—l dz=2mi Res f(z) = ——,eXp () .

Z:ei”/” n

We focus on Cj.

/ ! d /R ! dt
Z:
a'+1 o "+1

Letting R tend to infinity, and since ¢ is a dummy variable, it is easy to see that

1 ]
dz:/ dx=1.
/CIZ"—FI 0o x"+1

For C,, by the triangle inequality, |Z" + 1| > ||z"| — | — 1|| = |[R" — 1]. Hence,
1 1 cTR

dz| < dz = .
/czz”—i—l Z‘— R 1T R

Letting R tend to infinity, we see that the integral over C; is zero. Earlier, we mentioned that the angle subtended
by the arc does not matter and we affirm this statement here.
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The integral over Cs is more complicated. Using the substitution

z=(R—1t)exp <an>7

1 21 R 1
dz=—exp| — / —— dt.
/c3z”—|—1 ¢ p<n) 0o (R—1)"+1

This calls for a substitution, say u = R —t. Hence, the integral over C3 becomes

. 27i /R 1 a2 e 27i /‘°° 1 4 le 27i
—exp | — u—— —exp| — x=—Ilexp| — |.
p n o u+1 p n o x*+1 p n

we see that

To conclude,

. < ﬂ)
nsin | —
n
so we have finally derived this beautiful result. (Il

Example 6.11. Prove that
2 1 T

0 5+3sin6 6 = 2"

Solution. Set z = ¢® s0sin@ = (z —z~!)/2i. The integral becomes
1 i 1
| == dz=2 / S5 d
/z—l 5+3<z—z.1> ( Z> lgj=1 32>+ 10iz — 3
2i
Let :
&)= 32103
It has two simple poles z; = —i/3 and zo = —3i. The first one is interior to the circle |z| = 1 so we shall consider
this. By the residue theorem, the answer is
1 T
227 —— = =
3(z1+3i) 2

Example 6.12. Prove that

I 2 3
/ (log-) dx = n—
0o x2+1 8

Solution. We consider the following contour.
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Define )
(logz)
f(Z) )
zz+1
and in our contour, say C, we let 0 < € < 1 < R. logz denotes the branch of the logarithm function defined on
{z€C:—m/2 <argz <3m/2}. Hence, it is clear that

: —e R
L=+ +[+]"
c Jcx J-R C. Je

/ (logz)? do— (logi)>
c

By the residue theorem,

= . = .
22+1 2i 4
Now, let us focus on Cg. We use the estimation lemma to help us.

/ (logR+i6)?
Cr

<7mR-
- R?2—1
which tends to 0 as R tends to infinity. In a similar fashion, one can show that

lim =0.

e=0.JC,

logz)? —€ (logz)? R (logz)?
/(ng) dz:/ (2gZ) dz+/ (2gZ) dz
c 77+1 R z¢+1 e zv+1

L Ty

As such,

2+1
R (ir+logz)? + (logz)?
€ 41
Now we set R to tend to infinity and € to tend to 0. Also, we computed the value of the integral over C earlier

so putting everything together,

n’ /°° (i +logz)? + (logz)?
jadi dz
4 Jo 241

/ logz

Sal |
2
=7 dz+2irn
/o 22+1

Lastly, we will show that

> logx
dx=0.
/0 x2+1 x

Using the substitution u = 1/x,

> logx © —logu 1\? > logu
/ 5 dx:/ 2-(—) du:—/ 5 du
0o x*+1 o (1/u)"+1 u 0o u?+1

and the result follows. O
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We have the following beautiful corollary:

Corollary 6.1. Let

2n

by — /“’ (logx)
0

x2+1
Then for all n > 1, I, satisfies the recurrence relation

(—1)"7{,’2n+1 12
b = 2+l ) )3

It is not surprising that we only discuss the integrals I, instead of I, because

) (logx)ZnJrl
/0 o1 dx=0

for all n > 0 by performing the substitution u = 1 /x.

The above formula is also equivalent to the following by using the Dirichlet beta function:

Definition 6.4 (Dirichlet beta function). Define the Dirichlet beta function to be

_y =

Corollary 6.2. Let

> (logx)™"
b, = dx.
2}’! /() x2+1 X
Then for alln > 1, L, =2(2n)!B(2n+1).
Proof.
> (logx)™" (logu) an , 1
= d S
/0 21 /0 71 94 usingu=_
. 1 2n 1 1 2n
/ 0gx) 72/ (logx) I
0o x241 0o x2+1

1 o]
=2 / (=1 Z (logx)*x** dx  using integration by parts
0 -

k

Y 1

and the result follows.

Example 6.13 (Dinh's 70 problems). Show that

o x® n(l—o
/ ﬁdx:(ina)
0 (14x%) 2cos<7>

for —1 < a < 3, a # 1. What happens if o = 1?

Page 72 of 95
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Solution. We consider the following contour.

v,
Cr
Ce
R =€ 0 e’ R X

Here, 0 < € < R and Cg and C¢ denote the upper-half of the semicircle of radius R and € respectively. So,

frode= [+ [+

By the residue theorem, it is clear that
iﬂ:eiaﬂ:/Z

/Cf(Z) dz=—5

It is clear that

lim [ Ck =0and lim | C, =0.
R—o0 £—0

[ L froe

and the result follows. |

So,

Example 6.14 (MA5217 AY24/25 Sem 1 Homework 1). Compute the following integrals using the residue

formula:

- x—4 o2
dv and [ 5 od
/m(x2—4x+5)(x2+4) o /0 (a2

Solution. We deal with the first integral. Note that z =2 +1i,z =2 — i,z = 2i,z = —2i are simple poles of the
integral. Let C = C; + C; be the upper half of the semicircle of radius R centred at the origin on the complex

plane, where C| is the diameter and C; is the arc.

So,
Ci={z=x+iyecC:-R<x<R}
CzZ{z:x—i-iyE(C:z:Reie,OgBgn}

Let f(z) denote the integrand. We are only interested in the poles interior and on the boundary of C. By the

residue theorem,

/Cf(Z) dz= 27TiZRes (f(z),z=1z) =2mi <12;> = —%

Hence,

R x—4
/le(z) dz= /,R @ a5 2t
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Letting R — oo, we see that we obtain the original integral. Also,

_ /” Re'? - iRe'® 460
- 0 (RZeZiG —4Re8 _|_5) (Rzezie +4)

f(z) dz
(@)

T R2
- /0 (R2e2i9—4Rei9+5) (Rzezie _|_4) d@‘

which is equal to 0 by the triangle inequality. Hence, the answer is —47m/13.

For the second integral, we note that the function is even. Letting g denote the integrand, we have

/Omg(Z) dz= %/:og(Z) dz.

We consider the same contour as the previous part, acknowledging that z = 42i are double poles of g. So, it
follows that the sum of residues is —7 /8, and by some tedious computation, the integral evaluates to /8.

To compute the residue of the double pole z = 2i, we use the formula

lim % (220 %(2))

z—=2idz

which is quite easy. U

Example 6.15 (Dinh's 70 problems). Evaluate
*  xsinx
—— dx.
/_oo (14 x%)2 *

L. Define C; to be the upper half of the semicircle of radius R centred at the origin
(1422)?

and C, to be the real axis bounded by £-R. So, C; can be parametrised using z = Re’ for ¢ € [0, 7], whereas C,

iz

Solution. Let f(z) =

can be parametrised using z =7 for r € [—R,R]. Let C = C; UC,. By the residue theorem,

/C £(2) dz = 2miRes(£(2),i).

Note that .
d ze” 1
R )=lm— | — | = —.
es(f(2),9) zli‘}dz<(z+i)2> 4e
Hence, )
in
dz=—.
|r@az=5
Now,
2 [T 1
lim | [ f(2) dz| = lim R/ 46| =0
R—eo | /Oy R—o0 0 (1+R262’9)

Lastly, we work with C,. So, we have

R tsint o .
lim [ f(z) dz= lim &2 dt :/ Lnxz dt.
R—o0 C, R—e J_p (1 +[2) e (1 —|—x2)

It follows that the answer is 7/2e. 0

Example 6.16 (Dinh's 70 problems). Show that for any 0 < a < 1,

/“X“ dx— "
o x(1+x) ~  sin(am)’
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Solution. Lett =x/(1+x), so

The integral becomes

1
/ 1 1(1—1)""dt =B(a,1—a) by definition of beta function
0

I'la)I"'(1—
— (a)r((l)a) by relationship with gamma function

and the result follows by Euler’s reflection formula.

Page 75 of 95
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Chapter 7

Conformal Mappings and Mobius Transformations

7.1
The Extended Complex Plane

Definition 7.1 (extended complex plane). Define
C* =CU{e} to be the extended complex plane (also known as the Riemann sphere).

This is also denoted by C...

We represent C* as the unit sphere S? in R, i.e.
S={En)eR:EZ+n*+7=1}.

Let N = (0,0,1) denote the north pole on S?. We then identify C with {(£,1,0):&,n € R} = {{ =0} in
R? so that C cuts S? along the equator. Thus, we obtain the following diagram (Figure 2) which is known as

stereographic projection.

N =(0,0,1)

Figure 2: Stereographic projection

In Figure 2, C* is represented as the sphere S.

Proposition 7.1. If z=x+iy in C corresponds to z = (£,1,§) in X, then

. x e 2y
2] +1 j2)?

2 -1
and {=—5—.
+1 |z|” +1

Proof. For t € R, we can parametrise the line Nz using (7x,7y, 1 —t). Substituting this into the equation of the
sphere S?, we have
2 (P +y)+(1-1) =1.
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This is a quadratic equation in ¢ for points in NZNS? with a known root ¢ = 0 corresponding to N (recall that
when t =0, thenx =y =0 and 1 —¢ = 1). One can then use the quadratic formula to deduce that the other root
is

2 2

t= = corresponding to z.
2y +1 [P +1 ponaine

2x 2y |7* -1
Z: ) )
2241 22+ 17 |z* +1

as mentioned. O

As such,

7.2
Univalent Functions

Definition 7.2 (univalent function). Let f : Q — C be a holomorphic function. Then, f is univalent if
it is injective. Moreover, f is locally univalent if, for each zo € Q, there exists a neighbourhood U of z
such that f |y— C is injective.
Theorem 7.1. A holomorphic function f: Q — C

locally univalent at zo  if and only if £’ (z9) # 0.

Corollary 7.1 (inverse function theorem). If f: Q — C is a univalent holomorphic function, then its
inverse f~! is also holomorphic defined on f(Q). Moreover, for each z € Q,

Definition 7.3. Suppose two curves ¥ and 7 intersect at zp and « is the oriented angle between the
tangent vectors to these curves at zg. A holomorphic map f preserves angles at zq if the image curves
fovand fon intersect at f(zp) and their tangent vectors at f(zo) form an angle equal to c.

Theorem 7.2. Suppose f : Q — C is holomorphic and f’(z9) # 0. Then, f preserves angles at z.

Definition 7.4 (conformal map and automorphism group). A bijective holomorphic function f: U —
V is a conformal map or a biholomorphism. A conformal map from a domain Q — Q is a conformal
automorphism of Q. Define Aut () to be the set of conformal automorphisms of Q.

Theorem 7.3. If f and g are automorphisms of Q, then f o g is also an automorphism.

] | | | | | |
—
=
4
N—
Z
—
~
—
2
N—
=
%
—
A\l
S—

Theorem 7.3 is a standard exercise from MA2202.
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7.3
Mobius Transformations

Definition 7.5 (Mdbius transformation). Let a,b,c,d € C. Then, the map

b d
T:C*—C* where T(z)= az—i—d such that T (e0) = % and T <—> =oo

cZ+ c

is called a linear fractional transformation. If we further impose that ad — bc # 0, then T is said to be a

Mobius transformation.

Note that the condition ad — bc # 0 is equivalent to saying 7 is not constant. Consider
az+b

T(z) =
@=_"1z
If c=0,then T : C* — C*; If ¢ #0, then T : C*\ {—d/c} — C*. Moreover, there exists a bijection from the
set of linear transformations of C2, i.e. £ ((C2, (Cz), to the set of two-by-two complex invertible matrices, i.e.

where a,b,c,d € C and ad — bc # 0.

GL; (C) (recall that GL,, (F) is known as the general linear group of n x n matrices, which must be invertible,

over some field F') — each matrix corresponds to the transformation it induces via left multiplication. As such,

M:[a b
d

c

for any
az+b
cz+d

€ GL, (C) there exists z € C such that M [i] =

I Proposition 7.2. The set of Mobius transformations forms a group under composition.

Proof. Consider the map

b b
GL; (C) — set of Mobius transformations  where . — <z o & i > .
c d cz+d

This is a well-defined map. One can tediously prove that this is a group homomorphism, i.e. take any

[a b],[p 71 € GL,(C)  for which la b] [” q]:
c d ros c

dl |r s
On the other hand, for any w, z € C, the composition of the maps

ap+br aq+bs
cp+dr cq+ds|

aw+b pi+q rz+d (ap+br)z+ (aq+ bs)
W= oz~ =z = .
cw+d rz+s o[ Peta d (cp+dr)z+(cq+ds)
rz+d
As such, indeed, the map is a homomorphism. Moreover, the homomorphism is surjective by Definition 7.5. We
then compute the kernel of this homomorphism. Consider the set of all matrices in GL, (C) which get mapped

to the identity in the codomain, i.e. the identity transformation z — z. In other words,

b

ker of homomorphism = { [a
c

€GLy(C) :az+b=cz*+dz forallze(C}.

This forces b = ¢ = 0 and a = d, so we obtain diagonal matrices (in fact the matrix is a scalar matrix since the
diagonal entries are the same) in GL, (C). That is,

0

A
ker of homomorphism =
0 A

eGLz(«:):xecX}.
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Recall from MA2001 that diagonal matrices over R commute with any other matrix — we can extend this to
C as well. Moreover, recall from MA2202 that the kernel is precisely the center of GL, (C)! Perhaps readers
with more knowledge on Group Theory would know that the quotient of the general linear group with its center
would yield a special kind of group known as the projective linear group! In particular,

GL,(C) /Z(GL,(C)) =PGL, (C).
We call this the M&bius group. 0

We take some time to appreciate some subgroups of PGL; (C) (Proposition 7.3). Essentially, the proposition
shows that every Mobius transformation can be expressed as a composition of specific types of linear fractional

transformations, each of which forms a subgroup of PGL, (C).

Proposition 7.3. A Mobius transformation is a composition of transformations of the following forms:

(i) Translation: For any a € C, z+— z+ a, which corresponds to the matrix

1
“ where a € C
0 1

(ii) Scaling: For any a € R+, z — az, which corresponds to the matrix

a 0
where a € R
[0 ]] 0

(iii) Rotation: For any 0 € R, z — ¢z which corresponds to the matrix
where 0 € R
(iv) Reciprocation: z — 1/z, which corresponds to the matrix
0 1
1 0
Proposition 7.4. If T is a Mobius transformation, then 7T is the composition of translations, dilations,
and the inversion.

Proof. Suppose we are given some matrix
b
[a € GL, (C)
c d

which corresponds to some Mobius transformation in PGL, (C). If ¢ = 0, then both @ and d must be non-zero

since the determinant of the matrix must be 1. As such,

FRFRRICH

Strictly speaking, we should not treat the teal and orange matrices as representing scaling and rotation

independently; instead, they should be understood as a single composite transformation combining both effects.
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On the other hand, if ¢ # 0, then

a bl |l a/c||a/d O 0 1||1 d/e
cdl [0 1|lo0 1 1 o[{o 1
which completes the proof. 0

Example 7.1. Translations, rotations, and dilations are examples of automorphisms of the complex plane. We

only discuss translations here. Suppose & € C. Then, the translation

z+— z+ his a conformal map C — C whose inverse is w+— w — h.

Moreover, if & € R, this translation is also a conformal map from the upper half-plane H to itself.

Proposition 7.5. A Mobius transformation, except for the identity, has exactly 1 or 2 fixed points in
(O

Corollary 7.2. If a Mobius transformation 7 has > 3 fixed points in C*, then T is the identity

transformation.

Proof. Suppose

az+b . . . .
(z) = a8 not the identity transformation.
cZ

Then, for ¢ € Z, we note that

az+b
+d

T (z) =z if and only if =z ifandonlyif c¢z>+(d—a)z+b=0.

If ¢ # 0, then this quadratic equation has at most 2 distinct roots in C by the fundamental theorem of algebra.
Also, S(e0) = a/c # o, so T has at most 2 fixed points, and both are in C. On the other hand, if ¢ = 0, then
T (o) = a/c = e and for z € C, we have

b
d—a’

T(z)=z ifandonlyif z=
Of course, this expression lies in C if a # d. If a = d, then
T(z)=z+ g has no fixed points in C
so T has 1 fixed point at e and at most 1 fixed point in C. O

It is a well-known fact that three points in the plane determine a circle. A circle in C* passing through oo

corresponds to a straight line in C. A straight line in the plane will be called a circle in C*.

Lemma 7.1 (generalised circle). Let
L= {ze C*:alz*+BRe(z)+yIm(z)+86 =0 where a,B,7,8 € R satisfy B>+ 7> — 4008 > 0}.

The condition B2 + > —4a8 > 0 is known as non-degeneracy.
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(i) If o #£ 0, then L is a circle with

B%+7v2—4ad

centre <—,—> and radius r = 102

(ii) if ¢ = 0, then L is a line
Conversely, every circle or (non-vertical) line in the complex plane can be expressed in the form above

(possibly after a rotation or a translation).

I Theorem 7.4 (preservation of circles). A Mdbius transformation takes circles onto circles.

Proof. Recall that any linear fractional transformation is a composition of a translation, a dilation, a rotation
and an inversion. It suffices to check that the inversion z — 1/z preserves circles in C*. Note that any circle in

C* is the solution set of
alz]*+BRe(z)+yIm(z) +8 =0 where o, f,7,5 € R.

Since B
Z
?7

under inversion, the solution gets mapped to

o Re (z) Im (z)

5 +B- e -7 e +8=0 orequivalently &|z|*—yIm(z)+BRe(z)+ o =0.

|z|

The result follows. O

Example 7.2. Fora € D,

T,:D—D where T,(z)= IZ —|:a and 7, (0) = a.

—az

To see why, note that T is a holomorphic function on C\ {1/a}, so it is defined in a neighbourhood of D. For
z in the boundary of DD, we have |z| = 1 and zz = 1. It is easy to see that |7,(z) = 1. By the maximum modulus
principle, when |z| < 1, we have |T,(z)| < 1. Hence, T,(z) is a conformal automorphism of I.

Also, T,(0) = a is obvious.

Example 7.3. We shall analyse the linear fractional transformation

i
7—i

T (z)

It is clear that

—i—0 i+ 00— —1.

As such, T maps iRU {eo} to RU {eo}. In other words, C*\ iR is mapped to C*\ R. Note that

C*\iR ={z:Re(z) <0} U{z:Re(z) >0} whichis the disjoint union of connected sets and

C*\R={z:Im(z) >0}U{z:Im(z) <0} whichis the disjoint union of connected sets
Test on say z = —1. Then, T (—1) = —i. Note that —1 € {z: Re(z) <0} and —i € {z: Im(z) < 0}. So, T maps

{z:Re(z) < 0} bijectively onto {z:Im(z) <0} and {z:Re(z) > 0} bijectively onto {z:Im(z) > 0}.
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As an example, say we restrict the domain to the unit disc D. Then,
irboo  —i=0 —ir—i
So, T : dD — iR. Equivalently,
T:DuU(C*\D) = {z:Re(z) <0} U{z:Re(z) > 0}.

Take 0 € D, which gets mapped to —1 € {z: Re(z) < 0}. We conclude that T maps D onto {z: Re(z) < 0}.

Example 7.4.
z—1
T(z)=1i-
) z+1
maps the real line to the imaginary line and 7 (—1) = co.
To see why, let z = a, where a € R. Then,
i(a—1)
T(z) =~
@) a+1 "’
which is purely imaginary. It is also clear that 7(—1) = eo.
Example 7.5. )
i—z
T(z)=—
@) 142z
maps the real line to the unit circle and 7' (o) = —1.

To see why, let z = a, where a € R. It suffices to show that |T'(a)| = 1, i.e.

e P
1+a
This is obvious.
Example 7.6.
11—z
T(z)=1i-
(2) 1+z

maps the unit circle to the real line and 7' (—1) = oo.

To see why, let z = ¢!, Then, we need to show that T'(z) € R.
0y l(l —eie) . 9
T(el ) = W = tan 5 y
which is real. Also, 7(—1) can be attained by setting 6 = (2k+ 1)z for k € Z, which implies tan(6/2) = co.
Example 7.7. Find a conformal map f from A = {z € C|Im(z) > 0,|z| > 1} onto the unit disc.

Solution. The locus A represents the intersection of the upper half-plane and the points exterior to the circle of

radius 1 centred at the origin.

Im(z)
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Consider the Cayley transform given by f(z) = (z—1i)/(z+1). O

Example 7.8. Let
1 2r
A= {zeC:|z\ < 1 and Im(z) > 2} and B = {3 < arg(z) <7t}.

Find a conformal map f from A to B.

Solution. We first find the intersection of |z| = 1 and Im(z) = 1/2. Consider X+ =landy=1 /2. Solving
yields x = —v/3/2. Hence, z = ¢/™/% or z = ¢>™i/°,

Note that

is an example of such a conformal map.

To see why, we note that it is a Mobius transformation so it sends lines and circles to lines and circles. Note
that f(e>*/%) = oo and f(e*/®) = 0. Hence, the boundary of A is sent to the union of two half-lines which
form an angle at the origin. For z in the interval joining e>7i/6 and /0 (along the line Im(z) = 1/2), note that
z— €% ¢ Rgand z— e5/% € R, so f(z) € Reo.

The angle at ¢”*/® between this interval and the rest of the boundary of A forms an angle of —m/3. Since
f is conformal at ¢*/°, we conclude that the boundary of A is sent to the union of Ry with the half line

23R _ . We deduce that A is sent to B. O

Example 7.9. Find a Mobius transformation mapping the upper half-plane onto the unit disc and mapping a
given point zg in the upper half-plane to 0.

Solution. Note that T maps the real line to the unit disc. Since zg and Zy are symmetric about the real axis, then
T (zo) and T'(z0) = 0 are symmetric with respect to the unit circle. Hence, T'(Zg) = 0. As such,

7—20
Z—720

T(z)=A-
for some A € C\ {0}. Since |T(0)| = 1, then |A| = 1. Hence,

o <—20
T(z Zete'i
() Z—20

for some 6 € R. ([l
Example 7.10. Find a Mo6bius transformation that maps from
D={z:]z]>1,]z— 1] <2} to G={w:0 < Re(w) < 1}.

Solution. Observe that the region D is bounded by two circles x> +y? = 1 and (x — 1) +y?> = 4. The tangent
to these circles is x = —1. We consider the conformal map 7'(z) = 1/(z+1). Since T(R) =R and C; and C»
are perpendicular to R, it follows that 7(C;) and T'(C;) are perpendicular to R.

Hence, T(C1) = {z:Re(z) = 1/2} and T(C;) = {z:Re(z) = 1/4}. So, T(D) is bounded by these lines. Let
S(w) =4w—1.Then, SoT = (3 —z)/(1 —z) maps D onto G conformally. O
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b
Example 7.11 (Dinh's 70 problems). Let T'(z) = az——:—_d
(74

(i) Assume that z1,z5 € C are two distinct fixed points for 7', i.e. T(z;) = z;, j = 1,2. Show that there exists

be a Mobius transformation.

a constant A such that

T(z)—zu1 ., 2
TR -z  z-22
(i) LetT!(z):=T(z), T""'(z):=T(T"(z)),n=1,2,3,.... Use (i) to find an expression for 7", n =1,2,3,.. .,
if L3
-3z
T(z)= 3
Solution.

(i) We have

az+b _ az+b

(T(z)—z1)(z—22) _ (cz+d c11+d) (z—22)
(

— — b
(T(z)—22)(z—21) ?éis — %) (z—21)

~ ((az+b)(cz1 +d) — (az1 +b) (cz+d)) (cza +d) (z—22)
 ((az+b) (cz2+d) — (aza +b) (cz+d)) (cz1 +d) (z— 21)
czo+d
cz1+d
cz2+d
SOA = o d
—3z+1

(ii) We first find the fixed points of 7. Set
repeatedly applying (i), we have

=2z,80z==*1. We can take z; = —1 and z; = 1, so by

z—3

Definition 7.6 (cross ratio). The cross ratio of a 4-tuple of points zo,z1,22,23 € C* is defined to be

W0—2 21—
0—23 21—22

(z0,21,22,23) =

When one of the z; is o, the RHS is understood as the limit as z — oo,

Example 7.12.
21 —413

21—z

(°°7Z17Z27Z3) =

Proposition 7.6. A Mobius transformation 7' preserves cross ratios. That is,

(T(20),T(21),T(22),T(z3)) = (20,21,22,23)

Lemma 7.2. Given three distinct points z1,22,23 € C*, let T(z) = (z,21,22,23). Then, T is a Mobius
transformation and
T(z1) =1, T(z2) =0and T (z3) = co.

In fact, T is the unique Mobius transformation such that the above holds.

Theorem 7.5. Given two sets of three distinct points {z1,22,z3} and {w;, w2, w3}, there exists a unique

Mobius transformation 7T such that 7'(z;) = w; for j =1,2,3.
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Corollary 7.3. Let z9,z1,22,23 be distinct points in C*. Then, they lie in a circle or a line in C* if and
only if (z0,21,22,23) € R.

Example 7.13. Find a Mébius transformation f that maps H bijectively to the disc D(0,2) such that f(i) = 1
and f(1) = —2.

Solution. A Mobius transformation preserves points of symmetry so f(—i) is symmetric to f(i) = 1 with

respect to C(0,2). Hence, f(—i) = 4. Since the Mobius transformation f preserves cross ratios, then

(f(Z),f(l),f(l>,f(—l)) = (Z, 1,i,—i)
(f(2),=2,1,4) = (z,1,i,—i)
fl@)=1 =6 z—i 1+i

fe)—4 =3 z+i 1—i

Finding f(z) is left as a simple algebraic exercise. Note that f(—1) = 2. ]

7.4
Automorphisms of the Unit Disc D

Definition 7.7 (unit disc). Define D to be the unit disc. This is sometimes denoted by D (0, 1) which

represents the open disc of radius 1 centred at 0.

Example 7.14. Any rotation by an angle 8 € R, i.e. pg(z) = €%z, is an automorphism of ID whose inverse is

e—tGZ_

We can generalise the previous example to the following lemma:

Lemma 7.3 (Blaschke factor). For any a € D, the map

a—z . . s _
0.(z) = e is a conformal automorphism of D with inverse @, =g,

The transformation ¢, is known as the Blaschke factor.

Let Aut(D) denote the set of automorphisms of the unit disc, i.e. all invertible bijections ID — D. For each
¢ € C with |c| = 1, consider the map z — cz, which is a rotation. This transformation maps I onto itself and
always fixes 0, i.e.

Aut(D) D {(z+—cz):c€C,lc| =1}.

For each a € D, define the Mobius transformation @, (or @) as follows:

Z—a

¢, : C* — C* such that for all z € C* we have ¢ (z) =

1 —a
—a 1

[1 a] [1 —a] _ ll_la‘z 0 ] lies in Z (GL, (C)).

—a 1 0 1—|al?

1—az

This corresponds to the matrix

€ GL, ((C) .

‘We observe that

TThis is not a scaling transformation because |c| = 1.
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It follows that ¢_, o @, is the identity transformation as a Mobius transformation.

Moreover, we observe that for any z € C such that |z| = 1, we have

lz—al  |z—a]

- —=———=1
CREll-a] z-al

|¢a (2)| =

l—az

which implies that ¢, (dD) = dD. Also, ¢,(0) = —a lies in D so ¢, fixes 0 if and only if a = 0. Hence,
¢, : D — D so we conclude that
Aut(D) D {¢,:acD}.

Theorem 7.6 (automorphisms of D). For any ¢ € Aut (D), there exist unique a € D and ¢ € C such
that |c| = 1 such that for all z € D, we have

Zz—a

¢(z)=c-

1—az

Proof. Given ¢ € Aut(D), leta= ¢! (0) €D, so ¢ (a) =0. Then, po@_, = ¢ o @, ! belongs to Aut(D) as
well and it fixes 0. Note that the stabilizer subgroup of 0 in Aut(DD) is the set of maps z — ¢z such that c € C
and |c| = 1. As such,

o, ' =(z+cz) forauniquely determined ¢ € C such that |c| = 1.

Hence,

0= (2 cx) o= <MC. f‘“).

Example 7.15. Let f be a holomorphic function on D such that |f(z)| < 1 when |z| < 1. Prove that

1fO) =z} !f( )|+ 12
L+ 0)]2] — — 17 (0)]l]

Solution. We first consider the case where |f(z)| = 1 for some z € D. By the maximum modulus principle, f is

<|f@) <

forall |z] < 1.

constant and so | f(z)| = 1 for all z € D. The above inequality is equivalent to

[FO) = |zl < T+[£(0)]]z] and 1 —[£(0)][z] < [£(O)] + 2],

so 1 —|z| < 1+ |z|, which holds.

Now, consider the case where |f(z)| < 1 for all z € D. Let f(0) = a € D. Note that

0(z) = 1“__ ;Z e Aut(D).

As such, g = ¢ o f is a holomorphic function from D to itself. Moreover, g(0) = ¢(f(0)) = ¢(a) = 0. By the
Schwarz Lemma, |g(z)| < |z| for all z € D. Since ¢ ! = ¢, then

As such,

CEEL < - ) < 1 (0] < o 0)] < |1 - ag(a)| < 1+ lg(a) < 1+ 17 O)
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and in a similar fashion, we can deduce that
1£(0) = [zl < lal = [8(2)| < la—g(2)| < lal +g(2)| < |£(0)] + 2.
Hence, we have shown that
1= [£(0)]z] < 1 —ag(z)| < 1+[f(0)llz] and [ £(0) = [z] < |a—g(2)] < |F(0)| + 2.
The desired inequality is thus proven. (I

Example 7.16. Find a conformal map 7 : D(0,1) — D(1,2) such that T7(0) = 1+iand T(1) = 1 — 2i. Is the

transformation unique?

Solution. Let S(z) = 2z + 1, which maps D(0,1) to D(1,2) conformally. Define f = S~! o T, which is an
automorphism of the unit disc. We have S~!(z) = (z—1)/2. So, the conditions T(0) = 1 +iand T(1) = 1 —2i
are equivalent to f(0) =i/2 and f(1) = —i. To find such a map f, consider

i

52
g(z) =—i- 271
145
which is a conformal automorphism of D(0, 1) such that g(i/2) = 0 and g(—i) = 1. Thus,
i(1—-2z
f2) = (2—z)
We conclude that
1z = 20D = (1 +4i)2

2—z2
is the required conformal map satisfying the conditions.

Suppose T also satisfies the requirements. Then,R=T7T"'o T is a conformal automorphism of D(0, 1) satisfying
R(0) =0 and R(1) = 1. It is known that all automorphisms of the unit disc which fix 0 are rotations. Hence, R
is the identity function so we conclude that T=T. (I

Example 7.17. Let f : D — C be a holomorphic function. Suppose f(0) = 0 and there exists a constant A > 0
such that Re(f(z)) <A for z € D. Prove that for z € D,

247
f@)] < :
1—z]
Solution. Since f(0) = 0, then f is identically O or f is not identically constant. If f(z) =0 for all z € D, the
inequality is obvious. Suppose f is not identically constant. Consider

1—z
1+z

Z
_Z'

¢1(Z)=—§~|—1, $(z) = andq)(z):((pzoq)l)(z):m

Note that ¢; is a conformal map from {Re(z) <A} to {Re(z) > 0} and sends O to 1; ¢, is a conformal map
from {Re(z) > 0} to the unit disc and sends 1 to 0. Hence, ¢ is a conformal map from {Re(z) < A} to the unit
disc and sends 0 to 0. As such, F = ¢ o f is a holomorphic map from D to itself and F(0) = 0.

By the Schwarz Lemma, note that the conditions F(0) = 0 and |F(z)| < 1 are satisfied since z € D. Hence,
|[F(z)| < |z|. That is to say,
f(2)

2l > [¢(f(2)| = 24— f(2)

The desired inequality follows with some simple algebraic manipulation. O
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Example 7.18 (Dinh's 70 problems). Suppose that f is holomorphic on the open set containing D, | f(z)| < 4
if |zl = 1 and f(i/2) = 0. Show that for all |z| < 1,

z—1i/2

1f(2)] < T+i/22|

Solution. Note that g(z) = 2 isan automorphism of D, so we set f(z) = 4g(z) and @ = i/2. The result
—az
follows. U

Example 7.19 (Dinh's 70 problems). Show that if D(0,R) — C is holomorphic with |f(z)| < M for some
M > 0, then

F@-70) |
M*—f(0)f(z)| MR
Solution. Leta = f(0). We wish to prove
a—fz) | Il
M2 —af(z)| ~ MR
Define ¢ : D — D via
a/M—z
0@ =@
— R
Note that a/M = a/M since M € R. So, define g = ¢ o f(MZ). It is clear that g(0) = 0 and g : D — D. By the

Schwarz Lemma, |g(z)| < |z| for all z € D. Hence,

lg(2)] < Iz
a— f(Rz)
’1—af R 2| =
M?| a—f(Rz)
M= af R =
a—fz) |_ Iz
M2—af(z)| ~ MR
and we are done. O

Lemma 7.4 (Schwarz-Pick lemma). Let f : D — DD be a holomorphic function, a € D and f(a) =
Then,

® foreach z € B, |gy(/(2)] < [ou(2)
1—|b
@ @< =

If equality holds in (ii) or if we have equality in (i) for some z # a, then f € Aut(D).

7.5
Maps from the Upper Half-Plane H to the Unit Disc D

Definition 7.8 (upper half-plane). Define H = {z € C:Im(z) > 0} to be the upper half-plane.

Lemma 7.5. Let

itz T aw
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Then, F : HL — D is a conformal map with inverse G : D — H.

Theorem 7.7. All conformal mappings from H to D take the form

{e’ei:g :0eR,p EH}.

7.6
Automorphisms of the Upper Half-Plane H

Theorem 7.8. 5
Aut(H) = {“” “a,b,c,d € R and ad — bc = 1}
cz+d

Proof. Leta,b,c,d € R and ad — bc > 0. Define d’,b’,c’,d’ to be as follows:

a b c d
@y g Vb

where d',b',c’,d' € R and d’d’ —b'c’ = 1. As such,

b b
g= at ca,b,c,deRandad —bc=1; = azt ra,b,c,deRandad —bc >0, .
cz+d cztd

We shall prove that G C Aut(H). Let

az+b
f(Z) " cz+d

Then, f: R — R. If we let z = x+ iy, where x,y € R, Since a,b,c,d € R, then

eg.

B a(x+iy)+b] o ax+b+i(ay) cx+d—i(cy)
Im(f(z))_lm[c(x—i-iy)—i-d]_l [cx—i—d—i—i(cy) cx+d—i(cy)}

I [ac (x*+y%) + bex + adx + bd + iy (adbc)]
=1Im

c? (x> +y?) 4+ 2cdx+d?
ad — bc
=1 7)- 5
2|z|” +2cdx + d?
ad — bc
lcz+d|
which shows f : H — H. It is clear that
—dz+b
g(z) = €g
cz—a

and go f =id. Hence, f € Aut(H) and G C Aut(H).

Conversely, let f be an arbitrary map in Aut(H). We will show that f € G. Define

i—z
i+z

F(z)

which is a conformal map from H to ID with inverse

Fli)=i —=
(2) ll+z
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and this maps from D to H. Hence, h = F o f is a conformal map from H to . All such a map 4 must be of the
form
o205 B

z—B
with B € H and 6 € R. We let the reader prove that
f(Z):Fil eZiQZ_E :az—H)
Z—B CZ+d

and ad — bc = Im(f3) > 0 which would show that f € G, so Aut(H) C G. O

Example 7.20 (Dinh's 70 problems). Find a conformal map from
H={z€ C:Re(z) >0}

onto
A={zeC:|z-2|<3,|z| > 1}.

You may leave your answer as a composition of conformal mappings.

Solution. We find a conformal map from A to H first.
e Let ¢1(z) = 1/(z+1). Let us figure out what A gets mapped to via ¢;. So, if we let w=1/(z+1), we
have z = 1/w — 1. Consider the annulus |z — 2| < 3, so after the transformation, we have w > 1/6. For

the region |z| > 1, we have 1/w > 2. So, ¢; maps A to A}, where A; = {z€ C:1/6 <Re(z) < 1/2}.
1
e Letgo(z) =z— ¢ So, ¢ maps A to A, = {z€ C:0 <Re(z) < 1/3}.

3
o Let ¢3(z) = tan <72rz>’ which maps A; to H.

As such, the required conformal map from H to A is ¢ o 0, o 0 I U

Example 7.21 (Dinh's 70 problems). Let f: D(0,1) — C be a holomorphic function such that Re(f(z)) >0
for each z € D(0,1) and such that f(0) = 1.

(a) Prove that |f'(0)] < 2.

(b) Assume that |f'(0)| = 2. Determine all possible forms of f.

Solution.
(a) We first find a holomorphic map from {z € C: Re(z) > 0} to D. To do this, let ¢;(z) = iz, which maps

the right half of the complex plane to the upper half, H. Then, recall that ¢,(z) = Z—: maps H to D. So,
Z+1i

¢ = @ o ¢ is the required holomorphic map. We have

_iz—i o z—1

Cizti z+ 1

#(2)

Define F =¢o fso F:D—D,i.e. F is an automorphism of the unit disk and F(0) = 0. By the Schwarz
Lemma, |[F'(0)| < 1,s0 |¢'(1)f(0)] < 1. Since ¢'(1) = 1/2, the result follows.
(b) Suppose equality holds. Then, F’(0) = 1, where

flz)—1
fl)+1

F(a)=

Then, F(z) = ze'® (recall that this is just rotating some point in the unit disk about the origin) for 8 € R.

One can work out that f = ¢! o F and find an explicit expression for it. U
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Chapter 8

Harmonic Functions

8.1
Basic Properties of Harmonic Functions

Recall that a real-valued function u is defined on a domain Q C C is harmonic if it belongs to C? (second
derivative of f is continuous on ) and Au = 0. The real and imaginary parts of a holomorphic function are

harmonic.

Proposition 8.1. Let Q be a simply connected domain in C. A function u : Q — R is harmonic if and
only if u is the real part of some holomorphic function on Q.

The above proposition implies that for any domain €, u is harmonic if and only if it is locally the real (or

imaginary) part of a holomorphic function. In particular, harmonic functions belong to C*.
Example 8.1. Consider the function
u(x,y) = %log(x2 +%)
on the annulus Q = {0 < r < |z| < R}. This is not a simply connected domain, which means that not all simple

closed curves in € can be shrunk to a point while remaining in Q. One can establish that u is harmonic but

there is no holomorphic function on Q whose real part is equal to u.

Showing that u is harmonic, i.e.

0%u N 0%u _o
ox2 = dy?
is simple
Example 8.2. Prove that the function
(x.) sinx
u(x,y) = ——
Y cosx -+ coshy

is harmonic in

Q={x+iy:—rm<x<mandy€cR}.

Solution. One can see that coshy = cos(iy), so by setting z = x+ iy, where —m < x < w and y € R, it is clear

that
u(x,y) =Re (tan (%)) .

Example 8.3 (Dinh’s 70 problems). Let f = u+ iv be a holomorphic function in an open set Q. Define
U:i=e'™" cos(2uv) and V := eV sin(2uv).

Show that U is harmonic and V is a harmonic conjugate of U.
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Solution. To show that U is harmonic, we need to show that it satisfies Laplace’s Equation, i.e. Uy, + U,, = 0.

This is trivial. Next, one of the Cauchy-Riemann Equations states that U, =V,,, so
V, = 2" (vsin(2uv) —ucos(2uv)) .

Using integration by parts or Euler’s Formula, it can be shown that / V, dv =V + ¢, where c is an arbitrary

constant. This shows that V is a harmonic conjugate of U. (Il

Theorem 8.1 (maximum-minimum principle). If u is a real-valued non-constant harmonic function on

a domain Q, then u has no local maximum and no local minimum on Q.

8.2
Dirichlet Problem and Poisson Kernel

Theorem 8.2 (Dirichlet problem). Let Q be a bounded domain in C. Given a function i : dQ — R, is

there a unique continuous function u : Q — R such that

Au=0 1inQ;
u=h ondQ?

In layman’s terms, think of # being harmonic on the interior and # = & on the boundary.

Definition 8.1 (Poisson kernel). Define the Poisson kernel of the unit disc to be

1 1—|af?

B
P(a,e) = TR 7](3"9 R

We shall consider the case where €2 is the unit disc ID. The following theorem gives the uniqueness of the

solution to the Dirichlet problem.

Theorem 8.3. Let u: D — R be a continuous function which is harmonic in . Then, for each a € D,
27 . .
u(a) = P(a,e®)u(e®) de.
0

Proof. Consider the automorphism of D), which is

a—=z

(@)

- 1—az.

Note that f(0) = a and f is self-inverse. Find f’ and f’/f, then use Gauss’ mean value theorem to prove the
result. il

Corollary 8.1 (Harnack's inequality). Let u be a harmonic function in a neighborhood of . Assume

that u > 0 on {|z| = 1}. Then,
Ll
14 |7|

(0) <u(z) <

for |z < 1.
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Proof. Apply the Poisson kernel formula. Consider the region |z| < 1 and the identity 1 — |z|> = (1 + |z|)(1 —
|2]). O
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Chapter 9

Analytic Continuation

9.1
Analytic Continuation

Definition 9.1 (analytic continuation). Let f be a holomorphic function defined on a domain Q. If
there exists a domain Q C Q' and a holomorphic function F : Q" — C such that F(z) = f(z) for each

z € Q, then F is an analytic continuation of f on Q'.

Example 9.1. The power series

f2)=14z+22+...

has a radius of convergence R = 1 and so f(z) is a holomorphic function on the unit disc D. On the other hand,

one can see that

1
flz)= 1_Zfor lz] <1

but g(z) = 1/(1 —z) is holomorphic on C\ {1}. Thus, g is an analytic continuation of f to the much bigger
domain C\ {1}.

Lemma 9.1. Let Q C Q' be domains in C. Let F; and F> be analytic continuations of a holomorphic
function f: Q — C to a domain &'. Then,

F (Z) =F (Z) forall z € Q./.

Lemma 9.2. Let f;: Q; — C be holomorphic functions such that f; (z) = f> (z) for z € ;N Q,. Then,

filz) ifzeQy;
£ ifze\Qi.

f2)=

9.2
Schwarz Reflection Principle

We say that a region Q is symmetric with respect to the real axis if z € Q implies 7 € . We consider here

an important particular case of analytic continuation.

Theorem 9.1 (reflection principle for holomorphic functions). Define Q*, Q™ L as the intersections
of Q with the upper half-plane, lower half-plane, and the real axis respectively. If f is a continuous

complex-valued function on Q* UL, which is analytic on Q" and real on L, then

f admits a unique extension to a holomorphic function F' on Q.
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Moreover, the extension is given by

f(z) forze QtUL;

F(z) =
) ﬁ forze Q.

In particular, F (Z) = F (z) for all z € Q.

Example 9.2 (MA5217 Lecture Notes). Suppose f is holomorphic on H and continuous on S = HU (0, 1).
Assume f (x) = x* —2x? for all x € (0,1). Find £ (i).

Solution. We have f (i) = i* —2i> =142 =3. a
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